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This thesiS dea ls  w ith  the spectra l p rope r t ie s  o f  some 
dynamical systems.
In Chapter I  one o f  the main too ls  necessary f o r  th is  work w i l l  
be reviewed. This is  the spectra l theory o f u n ita ry  operator in 
H ilb er t  spaces. Chapter I I  deals  w ith  tensor products o f  un itary  ope rat 
(hence d ir e c t  product o f  in v e r t ib le  measure p reserv in g  transformation , 
i .m .p . t )  In th is  chapter we develop  a technique (the ¿¿-techn ique ) 
which enable us to  compute a m u l t ip l i c i t y  p a ir  f o r  the tensor 
•products o f  two or more un itary  operators. The chapter ends w ith  
an app lica t ion  o f  the main theorem to operators ( i . m . p . t ' s )  w ith  
simple d isc re te  spectrum.
The other main t o o l  needed fo r  th is work is  the theory o f  
Gaussian arocesses and w i l l  be reviewed in Chapter I I I .  Chapter IV 
deals with some in va r ia n t  o -a lgebras  f o r  measure p reserv ing  
transformation. A g e n e ra l iza t io n  £&Q(T ) o f  a canonical o -a lrebr=  
(X 0(T )  defined by '.Valters [28 ] w i l l  be g iven . The p rope r t ie s  o f 
the o-algebras O iA T) w i l l  be studied. The spectra l p roper t ie s
l im i t  in  the group o f  a l l  transformations on a Lebesgue space. 
The se t  o f  a l l  such l im i t s  w i l l  be found to  form a group G (T ), 
and G(T) is  a conjugacy in va r ian t .  The a lgebras  <2q ( t ) w i l l  be 
studied in r e la t i o n  to  the concept o f  mixing and in  r e la t io n  to 
entropy theory. The r e la t i o n  o f  these o -a lgeb ras  to  group 
extens ion  and Gaussian processes w i l l  be considered.
CHAPTTB 0 
I  ITT BOBU OTICN
Ilea sure th e o r e t ic  e rgod ic  theory can be viewed as the study
o f  the category % o f  measure spaces as ob jec ts  ana measure preserving
transformations as maps. Such a v iewpoint would be use fu l i f  there
was another ca tegory  (o r  number o f  c a te g o r ie s ) ,  about which more i s
’mown, to which % i s  fu n c to r ia l l y  r e la t e d .  The category o f
H i lb e r t  spaces as ob je c ts  and l in e a r  operators as maps i s  an
example, an important one, o f  these ca tego r ies .  The functor P
2
w i l l  be the map which sends a measure pace to i t s  L -space and 
a measure p rese rv in g  transformation to  i t s  induced l in e a r  opera tor .
The importance o f  the category ^  comes from the fa c t  that 
2
the operator in  L induced by an in v e r t ib le  measure transform?ticn 
is  u n ita ry ;  and a u n ita ry  operator has a m u l t ip l i c i t y  pa ir  as a 
complete set o f  in va r ian ts  ( i . e .  one that c la s s i f y  the unitary 
operator up to u n ita ry  equ iva len ce ) .  By a m u l t ip l ic i t y  pa ir  we 
me n a maximal spectra l tyre rnd a m u l t ip l i c i t y  'motion. iuus 
th is  set o f  in va r ian ts  " i l l  be attached to an in v e r t ib le  measure 
- r e e r v i n g  transformation through the above r e l  t ion .  . .c e v e r ,  
th is  set is  not complete fo r  a l l  transformations ( i . e .  one h ich 
c la s s i f y  i t  up to a con jugacy ). A c lass  fo r  which th is  set o f  
i - v r i  nts is  complete i s  the class o f  ergod ic  measure preserving 
transformation •i th  ' i s c r e t e  sp-ctrum.
C? 1
The ca uegoi^y is  closed under direct, products and the 
tegory ^  i s  c losed under tensor products, Moreover, the
functor ? takes d ir e c t  products in % to tensor products in 4{ .
In Chapter IT ,  -re g ive  a computation o f  m u l t ip l i c i t y  pa ir  o f  
is or p ro iu c ts  o f  unitary operators. (As fa r  as I  know th is
cor'.nutation i s  new). The hope is  that i t  n igh t help in throwing
noi’ e l i g h t  on the structure o f  A c lass o f  transformation f o r
LCh that might help is  non-ergodic measure p reserv ing  transformation
i ,h d isc re te  spectrum and fo r  -h ich  p a r t ia l  resu lts  have Veen
00 ained Vy Chokei [ 2 ] .
One o f  the  conjugacy invar ian ts  fo r  an in v e r t ib le  measure
‘
r rc;se rv ing  transformation  T i s  the class o f  T - in var ian t sub-a-algebras
o f •ii (T ac ts  on a Lebesgue space Since Kalnos [ 1 o]
po:,ed the •uention "wnat are the p o s s i b i l i t i e s  fo r  n o n - tr iv ia  1 T-
in va r ian t sub-o-a lgebras" ,  a few such sub—c -a lgebras  have been 
nd. P insker i 21 ] defined and studied the a lgebras  11(7) "here 
n ( f )  i s  the n'xinum p a r t i t io n  - i t h  zero entropy fo r  7. Using 
Kushnirenko d e f in i t i o n ,  [1 3  ] »  o f  sequence entropy, another 
in va r ian t sub-a- ' lgebra can be defined in the .m e  — y .  a l t e r s
[ 28 ] ,  de f ined  canon ica lly ,  an in va r i"n t  sub-o-a lgebra G - 'q ( 7) 
f o r  an in v e r t ib l e  jne'sure preserving 7 and a sc u nee o f  in tege rs  
6 = [ e ( i ) j .  This sub-O-algebra of sets h ich  stay, s .e .  the srm.e,
V
asym ptot ica lly  under the 6- i t e r t a t e s  o f  T. Formally i t  is 
defined  as ¿£ '0 (T )  = { A e {£> I n C T ^ ^ A  A A) -» o] . In his 
work [2 $ ],  Valters studied these .-ul -o -a lgeb ras  in r e la t io n  to  
entropy th.eory, mixing, group extensions and Gaussian processes. 
The importance o f the r e la t io n  to entropy theory comes from the 
r e s u l t :  i f  C L'q(T )  = then T i s  in  the c lass  o f  transformations 
with zero entropy; a class f o r  which a l o t  o f  work y e t  to be done. 
As fo r  mixing, transformations with CL.' 0 (T )  = are d is jo in t  from 
a l l  strong mixing transform ation . Group extensions and Gaussian 
processes, provide some examples with <£’ 0 (T )  = 3  .
In Chapter IV, we take " ’a l t e r s ’ idea further and define a 
sub-o-algebra ¿£0( ? )  f o r  an in v e r t ib le  measure p reserv ing  
transformation T and a sequence of in teg e rs  6 . lT0 (T )  could be 
tqc~p.rded cis the cub —o — ?.Igebrs s oi* sets on whichy cisyrnptoticslly 
the e f f e c t  oi' 0—it e r e t e s  of1 T di scribed v;i th a s ing le  in v e r t ib le  
measure r re se rv in g  transformation. Formally ^X0 ( i )  =
[ A s  vS lm iT®^ A A T0 ^ h )  -» o] . d  0 (T )  contains ¿ 2 ' 0 (T )  and 
re ta ins  most o f i t s  p ro p e r t ie s .  This w i l l  be proved through 
m od ifica t ions  o f  " a l t e r s ’ p roo fs .
I t  has been proved in  [2 8 ]  that the c lass C 'q ot 
transformations have (X *0 = ‘ts » i s c losed under reasor.aole 
f i n i t e  op ;r -  t ions . The cl" ss ts Qt *"hich con . ' j ns (_, g> t .1 ..e
L.
proved to  have the same property . Fo llow ing P a r ry 's  ides [19]
o f a structure theory based on models, we w i l l  introduce the
concept o f  represen ta t ion  in U „ .  I t  w i l l  be uroved a lso  that0
any e rgod ic  transformation with s u f f i c i e n t l y  many represen tations  
in t  q > I s m e t r ic a l ly  isomorphic to an in verse  l im i t  of* C* q 
transformations and is  i t s e l f  in  £?Q.
The se t  C-(T) o f  a l l  in v e r t ib le  measure p reserv ing  transformation 
which can be regarded, a s y m p t o t i c a l l y ,  as © - i t e ra te s  o f  T fo r  some 
9, w i l l  be shown to be a commutative group. I t  w i l l  be ca l led  the 
T-group and i t  - i l l  be shewn to be a conjugacy in va r ian t .
I f  T is  a group extension, by o f  the form
T (y , s ) = (¿ y , c? (y )z ) then transformations in  G(T) w i l l  be described 
in terms o f  transformations in G($) and a funct ion  re la ted  to  <p.
I f  T is  a Gaussian s h i f t  based on a coverinnce measure p the 
transformation in  G(Ta ) w i l l  be proved to be. Gaussian. ¿Iso G(T;1) 
w i l l  be -roved  to  be homomorphic to  another u se fu l group - ^ (T )  
namely the mourn o f  1? (X ,p ) — lim i t points o f  (L ) .  Let l-1 be
5that there e x i s t  e se<iuen.ce 0 such that a 0 (T )  = $  . Moreover,
G(T ) ,  in  th is  case, w i l l  be isomorphic to  C(D,K) = continuous
M-
functions supported on D and o f  modulus 1 . Therefore the p e e r s  
o f  T^ are dense in  G (T^ ). Theorem (15) o f  [28 l , ' " i l l  be generalized 
to g iv e  a group o f weak mixing Gaussian s h i f t s  with $ q(T )  = .
The main to o ls ,  that have been employed in  th is  work are the 
spectra l theory  o f  un itary  operators and the theory o f  Gaussian 
processes. T h ere fo re ,  we rev iew  both o f  them in  Chapter I  and 
Chapter I I I  r e s p e c t iv e ly .  The re su lts  o f  those two chapters can 
be found, in  more d e t a i l ;  in  [ 3 ] »  [ 7 ] »  [ 9 ] »  [20 ] and [23 1.
The m-in theorem o f  Chapter I I ,  theorem (6-5), g ives  a 
m u l t i p l i c i t y  p a ir  fo r  the tensor product o f  two unitary operators.
An a p p l ic a t io n  o f  the main theorem to the case o f  symmetric tensor 
nroduct o f  two u n ita ry  operators with simple d isc re te  spectrum
•v i l l  be g iv en  in  "9 .
TChapter IV deals w ith  some invar ian t sub-o-a lgebrss f o r  a 
measure p reserv in g  transform ation . The d e f in i t i o n  and p rop e r t ie s  
are g iven  in  £>1. 02 dea ls  with r e la t io n  o f  ££q (T )  to entropy- 
theory. I t  is  then, that the concept o f  rep resen ta t ion  in  
is  presented . The T-group is  dea lt  with in  '3 and i t  i s  proved 
there that G (T) i s  a conjugacy in var ian t. §1+ deals w ith  the 
sub-o-algebras $ e (T )  and mixing p rop e r t ie s .  Relations to 
group extens ion  are g iven  in  §5 and re la t io n s  to Gaussian processes 
are g iv en  in  06.
¿ ¿ ■ ¡m m  3 i « M-viu»*... a s s
7CTLbF?TR 1.
. —/_- -_i 7:rT0?.Y
The f i r s t  two sec t ions  o f th is  chapter dea l w ith  d e f in i t io n s  
nd re su lts  from H ilb e r t  space theory and measure theory needed 
here. The la s t  s ec t ion  introduces a canonical form fo r  a u n ita ry  
operator in a H ilb ert  space. The main re fe ren ces  of th is  chapter 
are [ 3 ] ,  [9 ]  and [23].
1. H i lb ert  space th eory.
Per ln i  t ion  1.1.
Throughout the f o l l o w in g  P w i l l  denote e i th e r  or -  , where
is  the f i e l d  o f  r e a l  numbers and i s  the f i e l d  o f  complex 
numbers, //v w i l l  denote the set o f  in tege rs .
Let H be a v e c to r  space over P. An inner product ..or s c a la r  
•product in  a vector space II is  an P-valued function  ( > ) : H x II ? 
s . t .  ( i )  ( x , y )  = ( y ¡ x )  x ,y  ^ H,
( i i )  ( a 1x1+r.2x2 , y )  = a 1(x 1 , y )  + a,2(x 2, y ) , x ^ e H .y e h ,  - r 1 ,a 2<=P |
( i i i )  ( x , x )  > 0; ( x , x )  = 0  ^ x = 0.
A v e c to r  sp-^ce H equipped by an inner product is ca lled  a 
•pre-Hilbert space. The ouantity  ( x , x ) r  = l|x|| w i l l  be named the 
norm o f  x .  The norm d e f in es  a m etric  d on H "here  d ( x , y ) = l|x — y l| •
H with the metric  d i s  a m etr ic  space. A H ilbert space. H i s  a
complete pre-H ilbe i ’ t space.
8A countable fam ily  (x  ) of vec tors  in a H ilbert  space H is  
said to be generatine or spanning i f  the closure o f  th .  l in e a r  
manifold (th e  set o f  a l l  f i n i t e  l in e a r  combinations o f  members 
o f  (x ^ ) )  is  the whole space K.
Prom now on the term H ilb ert  space means separable H i lb e r t
space.
D e f in i t i on 1 .2.
A l in e a r  t r a nsformation A from a H ilb er t  space to another 
H ilb e r t  space Hg i s  bounded i f  ^  r = R  s . t .
II Axil Hg < a||x||H
An opera tor A in  a H ilb ert  space H is  a bounded l in e a r  
transformation from H in to  i t s e l f .  An operator A i s  said to be
in ve rt i b l e  i f  ï an operator B s . t .  AB = BA = I ,  where I  is  the
id en t i t y  opera to r  and jux tapos it ion  means composition o f  two 
operators. The opera tor B when i t  e x i s t s  w i l l  be w r it ten  .■*- •
The a d jo in t  A" o f  an operator A in  a H ilb e r t  space H i s  de f ined  
fo r  any p a ir  x, y s  H from (A x ,y )  = (x ,A  y ) .  An operator A is  
s e l f - a d jo in t  i f  a "  = A. A p ro jec t !on  P on a subspace JH. o f  H is  
an idempotent, s e l f - a d j o in t  operator.
î[î '!•
An operator U in a H ilb er t  space H is  norr.a_l i f  U U = U U.
A normal operator i s  u n i tary i f  U U = U U = I .  I f  U is  un itary
then the fo l lo w in g  is  tru e :  ( i )  U 1=U , ( i i )  (Ux,Uy) = ( x , y ) ,  x.y^H.
oP e f  I n i t i  on 1.3 •
'.’he spec tr im  a (A ) o f  an oper? to r  A in  a H ilb er t  space K is  
the c losed  set in  c (usual topo logy ) s . t .  the operator (A -  X I ) 
i s  not in v e r t ib l e  i . e .  o (A )  = [ X e - |(A-X l) i s  not in v e r t ib l e ] .
I f  A is  un itary  then o (A ) c  k  = l Z e  J | |z| = 1 ] .
D e f in i t io n  * ,h .
A u n ita ry  operator U in  a H i lb e r t  space H is  c y c l i c  i f  
a vec to r  h s H s . t .  the fa m ily  (U11 h, n e ¿T) generates the whole 
space H. In  th is  case H w i l l  be c a l l e d  c y c l ic  and h w i l l  be
ca l led  a a enera t o r .
Def i r . i t i  on 1 .5 .
2
Let n )  be a measure space. The space L n ) o f
a l l  complex valued functions having square in tegrab le  nodu li i  is  
a H i lb e r t  space - i t h  inner product
( f  * S) = / f* c <3. m , f , g L (X, Q> m) •
J X
o
Her" on"!y seoar^ble L _sauces " ' i l l  be considered.
I,
Lemma •* . 6.
I f  m i s  a measure defined  on the Her e l  sets  o f  the c ir c le  
K = { Z €(£ | |Z| = 1] then in the space L (K,Qb, m), the
2
m u lt ip l ic a t io n  operator de fined  by !'n : f (X )  -+ X f (X )> \/f e L (-^,¿3, m) 
i s  u n ita ry .  Horeover L2(K ,i3>  m) i s  cy c i j-c under i-m -.ith 
generator f  = 1.
1C.
DefIn i t i  on 1.7.
Two un itary  operators  U and V in & H ilb ert  ?r «ce  II «=re u n i t * r i l y  
equ iva len t i f  - a un itary  operator ’7 in  H s . t .  "! 1 = V.
I f  U ana V are two unitary operators in two ' l i lb e r t  spaces 
H. and Hg then U is  u n i t a r i l y  equ iva lent to  V i f  an in v e r t ib l e  
is  one t r y  ¡6 from H. to Hg s . t .  0 U = V. Since we are go ing 
to deal only with un itary equivalence i t  w i l l  be abbrev ia ted  
equivalence.
2. Measure Theory.
Here, in  th is  s e c t io n ,  some fa c ts  from measure theory w i l l  
be presented . Throughout the sec t ion  the term "measure' w i l l  be 
used f o r  a f i n i t e  p o s i t i v e  measure. Nevertheless  the subsequent 
re su lts  hold f o r  more genera l measures. (See [ 8 ] ) .
D e f in i t io n  2 .1 .
Le t p ,v  be two measures on the measurable space (X, Jb). 
p << v v ia  p. is  a b so lu te ly  continuous wrt_v i f f  v 0 0  0 n ( " )= 0 »
’. - M e  . . p — v v i z  p i s  e~ui v-=lent to v i f f  P «  v and v «  P.
" i s  an equivalence r e la t io n  in the ret o* measures.
Theorem 2 .2 .
Radon-NiKodym Theorem:
I f  p ,v  are two measures s . t .  v << p then a non-neg=tive
function  f  e l " ' (n) s . t .
v (U ) = (  f  d p , V i l e  L .
Ju
, f  is  unique up to sets  o f P-me--sure ze ro .

I f  U is  a c y c l i c  ‘un itary oper- tor in  a H ilb ert  space H with x
as a generator and x i s  i t s  sp ec tra l  type, then U is equ iva len t to
2
the r .u l t ip l i c a t i  on operator L'._ in  L (K, . f it)
Theorem 5 .2 .
Proof
1 is  a generator in  L (K,Jr, Jt) 
x is a generator in  H.
Let be the funct ion  tak in g  Un x e H, n e Z t o  Xn <= L^(K ,li , 5!)
C le a r ly  0 is  an isometry as (t/Sc, l^ x )^  = (U11!! “‘x ,x )  
_ f in  iin _ n n 0
i
' Xn “  mdx 
K
K
Xn Xm dii = (Xn , Xm) L2 (K>. )(
Th e re fo re ,  extens ion  by l i n e a r i t y  proves equ iva lence . Q. ..D.
The above theorem can be extended to more general H i lb er t  
so aces which are not c y c l i c  under unit ' iy operators. I t  i l l  turn 
out tha t,  r e l a t i v e  to a un itary  operator U, H can be made 
equ iva len t  to the d ir e c t  sum o f  L —spaces w ith  su itab le  measures. 
Furthermore, th is  can be arranged in a way that enables one to 
construct v/hat is ra i led  a m u l t ip l i c i t y  function .
Now, the fo l lo w in g  lemma w i l l  be given  without p ro o f .
Lemma 5.3.
Let U be a un itary  operator in a H ilbert  space. Let xG be a
g iv en  v ec to r  in  H. Then f e r e  i s  an x e H, maximal r e la t i v e  to U,
r . t .  x l i e s  in the c y c l i c  subspace H(x) generated by x. 
o
3Rote. A maximal e le ga n t  is  an element correspondin ' to the maxim®!
spectr-1 type . 
'r.eor r  3.U.
Let U be a un itary  operator in H. Then, a sequence (vn ) c  R
H = 2 e  K ( v . ) ,  "'here H (v .  ) i s  the c y c l i c  space fen er-ted
i  = 1 1 1
by v i .
P ro o f .
Pet (yn ) be an orthonormal bas is  in  H. Using tlie above lemma, 
an element can be s e le c t e d  in such a "ay  tha t y  ^ e H (v ^ ) ®nd
is  maximal. Let be the r e s t r i c t io n  o f  U to the orthocong l3 event 
H ( v ^ )1 o f  H ( v 1 ) in  H. Since U maps H ( v 1) in to  i t s e l f  and 
H (v . , )1 in to  i t s e l f ,  i t  f o i l  or: s trr t " 2 is  u n ita ry .
Now V2 in  H (v ^ ) ' can be se lected  in  such a way that v g is  
maximal r e l a t i v e  to Ug , H ( v 2) contains the perpendicular 
p ro je c t io n  o f  y 2 on H ( v 1) 1 . Then yJ[ and y g are in  H ( v 1) e  H ( v 2) .  
And so on the process continues to g iv e
OO
H = 2 © H (v  ) .
i=1 1
Rem-rk.
Since v. in the l a s t  lemma is  maximal, i t s  spectra l type 
dominates a l l  other s p e c t ra l  types. In p a r t ic u la r  i t  dominates v 2> 
Since v ? i s  maximal in  the orthocomplement o f  H (v ^ ) ;  i t  dominates, 
as w e l l ,  a l l  other sp ec tra l  types. In p a r t ic u la r  i t  dominates v^, 
and so on. The conclusion is  the corresponding sequence (nn ) o f  
measures w ith  the p roperty  M-n >> H ^, n > i .

Given the sets in the s"cove d e f in i t io n  ®nd the r.s~ir.~ln
spectre 1 type o f  U in II, 2 X i 3 defined to be the
'n
m u l t i " l i e  i t y  function  o f  U. I t  must be noted th- t two 
r .u l t ip l i c i t y  functions are equal a .e .  w.r.t.p.
The conclusion i s  th e  maximal spectra l type o f  a un itary 
operator U in  a H ilb ert  sp® ce H together with the constructed 
m u l t ip l ic i t y  Inunction character ise  U in the fo l low in g  sense.
Two unitary operators in  a H ilbert  space H » r e  unit,®rily  
eou iva len t i f  they have the s^me nult i ->1 ic ; ty pa ir  .
3y a multi p l i c i t y  p a ir  we mean -here ^ is  the n-vimwl
spectra l type and f  i s  the corresponding m u l t ip l i c i t y  function .
3?ggg?.to .g: ^Y-;i3 . : :j v :.:.;o:; : :_coügt3
CKAPTP3 I I
The main o b je c t  o f  the p resen t chapter i s  to g iv e  a 
m u l t i p l i c i t y  p a i r  f o r  toe tensor product o f  two unitary- oner tors 
in  the tensor product o f  two H ilb e r t  spaces. The idea w i l l  be 
gen era l ised  to more than tv/o un itary operators.
Since an in ve r  ib le  measure p reserv ing  transformation on a
. , 2 measure space induces a unitary operator in  the L -space over
that measure space we w i l l  be able to sum the re su lts  o f  the
chapter in  a fu n c t o r ia l  language. The main ca tegor ies  w i l l  be
the category o f  H i lb e r t  spaces and the category  o f  measure space.
The chanter w i l l  be concluded by an a b d ic a t io n  o f  the main
product o f  a u n ita ry  operator, w ith  simple d is c re te  spectrum, 
w ith  i t s e l f .
2
The word fu n c t ion  in  an L -space w i l l  mean a c lass o f  functions 
i . e .  funct ions  which are equal a . e .  . A H i lb e r t  space w i l l  mean r 
separable H i lb e r t  space.
j1 . Tensor Products 
D e f in i  t i  on 1 . 1.
Let H„ and lb, be two H ilb er t  snaces w ith  inner uroducts 1 2
<, , < >£. L e t  x be th e i r  cartes ian  product and o Hg
be the 'r e o  l in e a r  space over x Hg. Por any two elements
\ t

8D e f in i t ion 1 .5 .
Let U nad V be u n ita ry  operators in the H ilbert  spaces
H.j and Hg r e s p e c t iv e ly .  D efine U © V in  H. © by
U O V (h, e  h2 ) = Uh1 © Vh2 , h., e  and h2 e H. Then i t  can
be e a s i ly  shorn that U © V extends to a un itary  operator. A lso ,
t i i is  d e f in i t i o n  ca r r ie s  tiirourh to more than tv;o opera tors . The
notation  TJ11 0 in  w i l l  st^nd fo r  ,U £ , t< G U, in HjO > •. C H
n n
2. Convo lu t i on o f  ceasut‘ ss and maxi mal spectra l  t y r e s .
I t  i s  known ( c f .  CH. 1 ) that the m u lt ip l ic a t io n  operator 
2
II 6 L (K,<2>,ra) is  a c y c l i c  u n ita ry  operator. A lso , f o l i o —in^
p ropos it ion  1.2 , L2 (X ,(o  ,n1 ) © I*2 (X ,<$ ,n2) is  isomorphic to
L2(K x I , (J> x(J) ,ra1 x m2) .  I f  Km , i  = 1,2 denote the corresponding
p
m u lt ip l ic a t io n  opera tor  in  L (K, (^»m^) ,  i  = *■, r then by a
nafur-1 correspondence !.! © II could be made eau iva lent to  the' m2
extension o f  the operator vh ich  takes f ( z , ’’/) £ L (Kx j'bx2> ♦ — •) x m2  ^
to the zv/f(z,'.v) i . e .  the opera tor o f  the m u lt ip l ic a t io n  by the tvo 
arguments. V/e —i l l  speak in d i f f e r e n t l y  o f  oouh tne oper x>rs o± 
m u lt ip l ic a t io n  by the tv/o arguments and Um ® I I *
D e f in it io n  2 .1 .
The convolution  o f  two measures p. and v on l o c a l l y  compact 
abelian  group G is  defined from the equation






As f o r  the is om etr ic  p roperty ,  i t  f o l lo w s  from
.2I | xm2 |f($  ( z , •••)) | d (m1 x m2 ) (z ,w )
= j | f ( z , " ) | 2 d ( (n 1 x r.2) o 0 )(z ,~ r )
(nii xn2 )c^
, f o r  a l l  f  s  L2 (n1 x m2 ) .
Lemma 3.2,
the
m>r-n nOO O f .
!.! © 1!
m2
in L2(K x * n x m ) is  eci
m1 1 2
L2 (K x K, mi x m2 «> 0 ) ••vhi ch iLs the
-  *"f ( z , -OI e  L2 (K x 1C, (n 1 x n2) o
ice ” i  11 be esit-’b l i s i ie d through A/J 5
A 0 ° V1-n.( ® :'m „J ° A~0Ov © 1L ) ° A_A ~ '7> Since2
f ( z , w )  = f ( z , w ) ,
(!,!„ © !!m o A- ^) f ( z , ? r )  = z-v f ( z , z w )
m2
and
( A y o  M © M o A- 1- f ( z , w )  = wf (z,-.v), 
P m.ii^  «t2
3.1 and 3.2 w i l l  be gen era l ized  f o r  the crse o f  n-dinensional
torus K11 = K x . . .  xX. Let 
¿ r 1 : Kn -> K31




then £ : X3"1 K1
— 1 — i \
:(zj,...,zn ) -» (z1»z1 z2,..., zn_1 zn )'
n n ^
' i s o ,  A * 7/ 111 be the induced map o f  L (Kn , X m.) -* L (X11, (X ^ ) °^n ' > 
’  i -1 i =1
• ,hereA -Jn = A^-1
75. i s  an in v e r t ib l e  isom etry.
¿-root .






v/i th , o f C O U l '3 <rv ~ f the sui tab le changes.
L e m r v a  3 . ;
The ope ra tor
n
X
i=1 ’ n i
in  I
P n
■ ( X  n  
i=1 1
n
oper a  to r v; in  n L2 ( ( Xi=1 n i )
o j# )  d e f in e
map whic'h  take 3 x ( z . j  » • • • f == zn f ( z 1
o *





See le~ rr  J.2.
"U. The ¿2 -Techn ique
Throughout th is  s ec t ion  (X, " ' i l l  denote a normalized
measure space i . e .  m(X) = 1 and <£ i s  a aub-o--lzebra o f(2> . The 
d e f in i t io n s ,  lemmas •’ nd the crams are va l id  f o r  any (J! , rut i t  is  
f ix e d  once i t  i s  chosen. L2 (X,(2,,m) w i l l  denote, as usual, the 
3T)aCQ 0f  complex va lued functions o f  s ;u -re  in te g ra o le  modulii.
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D o fir . l t i  on ji_. 1_.
Let f :  X -* (T be a nersur- ’o le  in t e g r -b le  "u nct ion . I f  (J¿ 
i s  a sub-o-algebra o f  , then F ( f \(J¿) i s  the e s s e n t ia l l y
auni que. meas u a b le  function  s a t is fy in g
i )  i t  is  (jC. -measurable » r  in teg ra b le
i i )  . 2 ( f l (£ )d n  = ! f  dm, A e (J¿ .
J J
A A
3 ( f |& '  is  C '- l le f  ‘ he con d it ion a l expectation  o f  f  w ith  res-*  e f  
to  (2.. I f f  is  as above ~nd g i s  bounded me-sur-ble function , then 
3 ( g f  | CfL) = g 3 ( f | f f i . )  a . e .  [m ].
For more d e t a i l s  about cond it iona l expectation  r e  r e fe r  to  [iU ] .
In the fo l lo w in g ,  the c o n d it io n a l  e x p e c t - t io n  concent " ' i l l  be 
used to  define  quantity  which " ' i l l  be ca l led  an fl2-nora. I t  is 
nothing but th-• square roo t  o f  the cond it iona l expecta t ion  o'" the 
squared modulus o "  a function  in l/ (X ,(& ,m ) w ith  respect to  ¿2 .
One might ask why is  i t  c a l led  a norm? The answer w i l l  be, o ’  
course, i t  i s  not a norm in  the usual sense, f o r  i t  is  a function  
and not a sca lar .  Ho -ever, an Cl-norm enjoys some p roper t ie s ,  and 
nlays some r o le s ,  which look l ik e  those o f  an ord inary  norm. Take 
e . g .  the concept o f  norm alizat ion , i f  f  is  a v ec to r  then f/||f || has 
norm 1. Something s im i la r  to the concept o f  norm alizat ion  w i l l  be 
defined  using the (Z- -norm. Namely, i t  is  the -norm alization .
The CL -norm alizat ion  w i l l  be d e f i l e d  f o r  a v e c to r  f ,  through 
d iv id in g  i t  by the (Q -norm of f .  Nut since the CQ. -norm o " f  i a a 
function  th is  re  mi i r e  3 some e labora t ion , - b i l e  the (Q. -no-m o f  f
QL, -normalized need not be one, but ra ther  a function  namely
/. A -- - “ - - - — ' •
That "‘as about p ro o e r t ie s .  As f o r  the ro le s ,  throurh 
n o rn a l iza t io n ,  the norm plays » n e s s en t ia l  ro le  in the celebrated  
Grarm-Schmidt o r th ogon a liza t ion  orocess. Something s i r . i l - r to the 
iOrementioned process, using $L -norm a liza t ion , and —hich 
p lays  an e s s e n t ia l  r o l e ,  w i l l  be de f in ed . Of course, then both 
the concert o f  spanning and o r th ogon a liza t i  on w i l l  be aha need as 
w e l l .
One f in a l  comment in  th is  heurest ic  account i s  about the 
norm a liza t ion  process. The norm ||f|| o f  f  e  h2(X ,2 ),m ) might
be loc*:e 1 - 1 ~s the sr ne rig roo t o f the cond it ion '11 e c t c t i or­
o f i f i 2 w ith  respect to th- tr i V i e 1 0 -a lgebray^ ( i • e . tho 0-^1 '*e>r*
of sets  o f  ms'sure zero end e ts Of me-sure one). So , norm*I1z®tion
is in fa ct^t/^-normaliza t l  on • Or nor:m - l iza t io n  ove r a s in g le  °tom
0~ t ^ n  ame ly  Toiler; in-g th 13 '1 ino o ” th ink ing, °n 02 -norm is  *>
so r t  o f n orm a lize t 'on ove r 4. ■1/ atoms o^ the O-a.lg ebra (JL or a
f i bre-r.o rm a liza t ion !
Le.fi-nitJ. cn.
Let (X,<&, n>) a 9 3 P Q iove • Then
i ) in  (XL -norm of  f £E I 2 (
-r Q9 U) ,m) is  defined a s
Ilf 11^  = i ^ ( i f i 2\&) ]  • a .e .
i i ) An QL-inner pro! UCt oi. A f g 6 L2(X , f i  , m)
i s  d e f in  d as
( f , .  ' ( - g ! ^ ) a # 0
25
So f  i s  C t-orthogonal to g i f  ( f , g ) ^  = 0  a .e .
Lenina k .3 .
Let f  6 L (X,(2> ,m)_, ¿52. i s  a sub-o-algebra o f  <2> . LetOO
A = [ x e x :  M f l ^ /  0 } .  Define g a s
l io te : The con d it ion a l expectation  can be defined  f o r  p o s i t iv e
functions and the formula E(txv|.St) holds o f  (£_ -measurable u, not 
n ecessa r i ly  bounded.
Proof o f  lemma 
g can be rew r it ten  as
By taking the con d it ion a l expectation  o f  both  sides with respect 
to  (Q , we have
g ( x )  = f ( x ) , X 6 A a . e .
= 0 x e  Ac , then
11« I t  = XA a *e *
g = ***
|E(|f |2T«-I S+X c
AC
|g|2 = xAl f |2
E (| f|2 |5L)+X c
A°
3. . © • f thou
a .e .
S(|g|2 | ^ )  = XA E (| f  |2 |it) = XA
s ( | f | 2 |®.)+x c
Thus ||g|| = XA
a2. A
a . e .
2 6 .
D e f in i t io n  U.U.
An (£_ -n o rm a l iz a t io n  o f  f  e L  ^ (X ,(g,m ) i s  the  fu n c t io n  g 
d efin ed  in  lemma i+.3.
Note: g e  L2 since  J  |g|2 dm = j E( |g |2 |£L)dm = J  xA ^  < =°*
D e f in i t io n  U .5 .
Let X stand f o r  the measure space (X,<$>,m). I f  A i s  a 
measurable s e t ,  then A w i l l  be used as w e l l  f o r  the sub-measure  
space induced on i t  by r e s t r i c t i o n .
By CH, -spanning o f  L2 we mean c o n s id er in g  L2 as an L^-module. 
D e f in i t io n  h . 6 .
I f  we r e p la c e ,  in  the  Gram-Schmidt o r th o g o n a l iz a t io n  p ro c e ss ,  
s c a la r s  by L - f u n c t i o n s ,  inner products by ($_ - in n e r  p ro d u c ts ,M
o r th o g o n a l iz a t io n  by - o r th o g o n a l iz a t io n ,  norm by (%_ -norm
and spanning by -spanning we get a new process  which - i l l  be
c a l le d  (JL -Gram-Schmidt o r th o g o n a l iz a t io n  p ro c e s s .
2
I t  i s  known th a t  L (X,<R,m) i s  dense i n  L (X,£g,,m) and a ls o
2
there  e x i s t  a countable fa m ily  in  L^CX,*^),!!!) v.’h ich  span L (X,^g ,m).
Lemma h .7 .
Let [ f j  c  L (X,(?>,m) span L2 (X,(g),m). Then g iven  a 
1 i e l  00
su b-o-a lgebra  CSL o f  (?> , a fam ily  {g ] along w ith  a fa m ily
i  i e l
I A j c  (0  , can be found u s in g  ¿32. -Gram Schmidt o r t h o g a l i z a t i  on 
1 i e l
p rocess  such that
27.
< £ i » g^Æ. = 0 a , e * 1  ^ 3
2
M # -  = = XA a . e .  i  = j , i , j  6  I .
2
Moreover the fa m ily  [g ] CtL -span L (X,<iB,m)
1 i e l
P ro o f
The p ro o f  w i l l  be d iv ided  in to  s tep s  
Step 1
Consider f^  and the ¿ 2 - n o r m a l i s â t ion g  ^ o f  fj  ^ then ||g1 |j^ = a .e .  
= {x e X:E( 1 ^  |2 | <£ ) / 0} and A  ^ s  ¿¡7 . By the d e f i n i t i o n  o f  the 
c o n d it io n a l  e x p e c ta t io n ,  the s e t  on which f^  does not van ish  i s  
inc luded  in  the s e t  So, s ince  f x = Il f  lleç_ gi  we conclude th a t
f 1 i s  in  the Ol - sp a n  o f  g^.
Step 2
I f  f  e  L (X,££>,m), g e  L2 (X ,(3 ,m ) and E(|g|2 |£Ê) = XA a . e . ,
A e  ¿2 then
a = E(fg| ) e  LM(X,(32.,m).
Proof
|E(fg|(2)| E( |fg|2 |â2.)r  (Schwartz)
< K xA where |f| < K
< K
Step 5
ITow we are  in  a p o s i t io n  to  give the -nduction  argument.
Let g . , . . . , g  be fu n c t io n s  such t h a t  g , , . . . , g  a re  m utually
1 n - 1  1
(Z  - o r th o g o n a l ,  llg  ^ l[^= XA a . e . ,  e ö Z ,  i  = 1 .........  n - 1  and
f l » - ' * » f n - l  e  (%-~sPan o f  gi* * * * » gn - i*
Consider %  = f n -  a !  ......... an_ i  8n- l  rh e re  a i  = a *e<
According to  Step (2)  the fu n c t io n s  are  bounded.
Define gn = on An = U : l l ^ l l ^  ^ 0}
= 0 e lsew here .
Again we have Hun I I ^ S n = un » an<A we note th a t  lhin I I s
bounded since
lfn " algl .... an-lgn-l* ^ 2 ^ lfiJ2 + lalgl + *** + an-l gn-ll ^
and t h e re fo r e
S ( | fn -  a i  S i  an- l  gn - l '
< 2 E ( Ifn 12 + | a1 gx + . . .  + an_1 g ^ l  l& )
< 2 S (K2 + l a j 2 + •• 
which i s  bounded.
Hence f R = l lu j j l^  gn + a l  gl  + + an - l  gn
So th a t  f j ^ , . . . , ^  belong to  th e  Ö2 -span o f  g1 »***tgn *
C le a r ly  ü:( f nS± I ) = Hun 1 3 ( gngi  ^ ^
^ a i  xAi 
" a i  XA1 *
So th a t  3 (gngjl<& ) = 0 » ?or A A n .
28.
+ an - l gn - l
• lan - l
X
CM
• • • +
--- V -

Hence we have a r r i v e d  a t  an e q u iv a le n t  fa m ily  o f  fu nctions
and s e t s  h^.gg» g^» • • • •  
m A^  f i  — 2 , 3 , . . « .  •
such th a t
f • • • • V'e now re p e a t  t h is  p rocedure  w ith
g 2» •••* >
2 2to  o b ta in  h2> g^, . . .  ; Cg, A^,.
This le a d s  u l t im a t e ly  to  the
fa m i l i e s
» • • • « i t h  Cx D C? D C j 3
such th a t  g1 ,g 2 **»*» and l ^ . h g , . . .  have the same ¿£ -sp a n .
Lemma (h -7)  and ( h .8 )  w i l l  be combined to  g ive  the fo l lo w in g  
theorem:
Theorem U .9 .
Given CS- c  th e re  e x i s t  a f a m i ly  o f  fu n c t io n s  
( h , } c  L2 (X, #>,m) and a fa m ily  [C .]  o f  s e t s  in  (X L such th a t
1  4 r-T 1  \ e=Ji e l
i )  ^ h^h,^^  = 0  a .e .  1  ^ it  i , 3  <= I
2
i i )  the fa m ily  fh .  j ¿JL-span L (Xf /^,m).
1 i e l
I t  has been proven ( c f  §3) ,  t h a t  the o p e ra to r  M ® M in
1 2
L2 (m1 x m2 )o fi. A ls o ,  i t  has been shown t h a t  * m2 i s  a 
maximal s p e c t r a l  type  of ® , hence i t  i s  a maximal s p e c t ra l
type o f  YV, as w e l l .  By a p p ly in g  theorem ( 4 .9 )  to  the space
L^(m^ x m2 )o fi) , i t  can be decomposed, through a su b -o -a lg e b ra  ($L
o f  (?) in to  CL -o r th o g o n a l  p ie c e s  (hence orthogonal p i e c e s ) .
Let {h. j and f C. j be the f a m i l i e s  so obtained f o r  L^(m. xnu ) o/0) • 
1 i e l  ' 1 i e l  1
I t  w i l l  tu rn  o u t ,  th a t  a p a r t i c u l a r  choice o f  02. w i l l  h e lp  in
having the r ig h t  decom position so t h a t  a m u l t i p l i c i t y  fu n c t io n ,
say , m^  ô m2 , w i l l  be c o n s tru c ted  f o r  and hence f o r  Mm © Mm .
In f a c t ,  a l l  what i s  needed, to  c o n s tru c t  such a m u l t i p l i c i t y
fu n c t io n ,  a re  th e  m u t a i - o r th o g o n a l i t y  o f  the h ^ 's ,  the p r o p e r t ie s
o f  the C^'s and some known fu n c t io n a l  a n a ly s is  f a c t s .
D e f in i t io n  5 . 1 .
Consi ’ e r  th e  measurable space (K x K, ¿2) x 6^ , ) where K x K 
i s  the two d im en sion a l t o r u s ,  ( & i s  the B o re l-o -a lg e b ra  o f  K and 
( X x  ( S i s  the p ro d u c t  o - a lg e b r a .  The fa m ily  Cd_of su b sets  o f  K x K 
o f  the form K x 3 ,  here 3  e  ( 3 »  i s  a sub-o—algebra o f  x (53  
which i s  isom orphic t o  the o -a lg e b ra  Borel s e t s  in  K ( th i s
f a c t  w i l l  be u se d  throughout w ith ou t mentioning i t ) .  From now on 
CÎL w i l l  be r e f e r r e d  to  as t h is  o - a lg e b r a .  In f a c t  t h i s  i s  the  
p a r t i c u la r  choice  mentioned above.
Theorem 5 . 2 .
Consider the  u n i t a r y  o p e ra to rs  ® l!m in  L (K x K,m^ x m2 ),
V/ in  L2 (K x K, (m1 x m2 ) o0 )  and ÇQ the above de fin ed  sub-o-a lgebra  
of x S  t th e n
31.
JL3 ft 4 If:
32
2
I) The u n i t a r y  op era to r  W in  L ((n^ x m2 ) 0jzS) i s eq u iva len t
2
to  the u n i ta ry  o p e ra to r  M ® M in  L (m, x m_).m^  t&2 x
I I ) m, * m_ i s  a maximal s p e c t r a l  type o f  li ® M and X m1 m2
hence i t  i s  a maximum s p e c t r a l  type o f  W as w e l l .
I l l )  th e re  e x i s t  f a m i l i e s  { h . } and [ C . } c  (j£,
1 i e l  1 i e l
such th a t
i )  <h.,h,)> = 0 a . e .  i  /  j ,  i , 3  €  I
*  CiL
U\kL  = <hi hi>®_= xc ’i  a *e * 1 e  1
i i )  C»i  = K x Ci f  C± o  C1+ 1, i  e  I
i i i )  { h j  CSL -span L^((m, x m„)o^)
1 i e l  ' 1 *
IV) m1 o m2 = 2 xc i s  a m u l t i p l i c i t y  fu n c t io n  o f  ’.7 and hence
i t  i s  a m u l t i p l i c i t y  fu n c t io n  o f  Mm ® . Consequently
(m.. * m0 , m o m0 ) i s  a m u l t i p l i c i t y  p a i r  f o r  U ® M . j. t~ j- c. i in^  in ^
P ro o f
I )  c . f .  Lemma 2 .2 .
I I )  c . f .  Lemma 3 .2 .
I l l )  The f a m i l i e s  [ h , } and { C , } are  the r e s u l t  o f  a pp ly ing
1 i e l  i e l2
theorem (U.9) to th e  space L (m1 x m2 ) OJ0) w ith  (2. as the  
s u b -o -a lg e b ra .
IV) To c o n s tru c t  a m u l t i p l i c i t y  fu n c t io n  f o r  a u n i ta r y  op era to r  
in  a H ilb ert  space one needs to decompose the space in to  m utually  
orthogonal c y c le s ,  say Z(x^) where x^ i s  a genera to r and such th a t
33.
X j+1 << x^ where SL i s  a s p e c t r a l  type x ^
',7e have h ^ . h g , . . . .  /j^-span L ^ x K .^ jx iS  ,p) where p ^m^xmgojtf) 
and C1  3  Cg m ......... and
<*Vh;J/>£ = s i h ^ l a .) = 0 i  / 3
= xCi i  = 3.
Let ZCln) he the c yc le  generated  by under the op era to r  \7 then  
Z i ^ )  _]_Z(h..) i  / j .  Since
P i w J h j J .  q(w)hj i  4 3, P(w), q(w) a re  polynom ials and 
t h i s  fo l lo w s  from
JP(w ) q(w) h^K  ^ dp.
= J p (w) q(w) E (h j^ lÆ L ) dp = 0 .
The c y c le  Z i ^ )  = £2.-span o f ^  since  i t  i s  equal to  [P(w)hi> p 
polynom ial] and [P(w): P polynomial] i s  dense in  C(K).
How the s p e c t r a l  typ es  o f  h^ i s  given by
<V/n hi ,h 1)  = J j wn l ^ l 2 dp
KxK
= Jj w11 E( Ihj^  |2 IÛ2. ) dp
KxK
= jj w xc x m2)o^)
KxK
= Jj zn v/n Xq (zw) d mp x m2
KxK
= J  v,n XCi d m!  * m2
" of |
i . e .  a s p e c t r a l  type n ^ i s
33a
Since 3  ^ i +1 ^  i  we have  ^ << where h j  i s  a
s p e c t r a l  type o f  h^.
I t  can be e a s i l y  seen now t h a t  th e  r e s t r i c t i o n  o f  the o p era to r  
7/ to  the c y c le  Z(h^) i s  c a n o n ic a l ly  re p re s e n te d  as the m u l t ip l i c a t io n  
op era to r  in  L (C^f * m2 ) .  T h ere fo re  o ra2 = S xc i s  a 
m u l t i p l i c i t y  fu n c t io n  f o r  '7 and hence f o r  1Î ® M by e q u iv a le n c e .~ in-. iQq
56. A m u l t i p l i c i t y  p a i r  f o r  ü ® V.
L e t  U aiu V be u n i t a r y  o p e ra to rs  in  the H ilb e r t  spaces  
H.| end H2 r e s p e c t i v e l y .  L e t  p and v be a meximsl s p e c t r a l  type  
of U and V r e s p e c t i v e l y .  Then U end V have the fo l lo w in g  ordered  
r e p r e s e n ta t io n s
U « 2 © M in H ,  a 2 © H , "here
Consequently ,
* U ® V =« © M ® M in  H. ® H5 h © H ® H .
i ,d  ^ i  V3 1 2 i , j  ^ i d
Obviously t h i s  i s  n o t  an o rd e re d  r e p r e s e n ta t io n  i . e .  one which  
le a d s  to  the  c o n s tru c t io n  o f  a m u l t i p l i c i t y  fu n c t io n .  Using
To d e r iv e  a m u l t i p l i c i t y  f o r  U ® V out o f  the m u l t i p l i c i t y  p a i r s
c a l l e d  c a lc u lu s  o f  m u l t i p l i c i t y  p a i r s .
C a lcu lus  o f  m u l t l c l l c i t y  p a i r s .
L et p, v be two B o re l  measures on K such th a t  p << v, then  
th e re  e x i s t  a Borel s e t  E such t h a t  p ~ p ' ,  "here p' i s  the 
measure d e f in e d  as p '(A )  = v(E n A), f o r  a l l  A e  I/. . The se t  
E is  unique up to s e t s  of v-meesure 7e ro .
11 i  ^ i
2
m u l t i p l i c a t i o n  o p e ra to r  in  L (K jp^),
V * 2  © in  H2 « 2 ffi H t
3
■ here = v, v . »  v
f o r  a l l  J ,  Hv = L2 ( K , v , ) .
d 3
theorem 5 . 2 ,  a m u l t i p l i c i t y  p a i r ,  f o r  M ® M can be defined.
H  Vd
D e f in i t io n  6 . 1 .
I f  p and v a re  two Borel measures and E i s  the s e t  d escrib ed  
above, th e  w i l l  be denoted by d£
D e f in i t io n  6 .2 .
Let UP be the s e t  o f  a l l  m u l t i p l i c i t y  p a i r s .  Define the 
r e l a t i o n  in  UP as  f o l lo w s :
( p , f )  ~ ( v , g ) , ( p , f ) j ( v , g )  e  UP i f  ^  another measure X w ith  
X »  p and X >> v such th a t
dji f  = dv g a . e .  [X] ( 1 )
dX dX
Remark
I f  ( i )  ho lds f o r  a measure X then i t  holds f o r  any measure
X. th a t  dominates X. Note th a t  the s e t  E fo r  p i s  d e f in ed  by the 
1
r e l a t i o n  p ~ p '  where p '(A )  = X (A n E) f o r  a l l  A.
Thus
p ’ ( a ) = J  xE ax f o r  a 1 1  A* In other words
A
XE _
i  .e .  d^ i 
dX
i s  the
(the  Radon-Nikodym d e r iv a t iv e )  
radon Nikodym der ivat ive  o f  the measure p ' which
i s  e q u iv a le n t  to  p ,  w ith re sp e c t  to X. Hence fo l lo w s  the
chain r u l e , o r  i f  X «  Xx then = |£ a . e .  [ X ^ .
T h e re fo re , the c laim  is  j u s t i f i e d
Lemma
36.
i s  an equivalence r e l a t i o n .
Proof
F i r s t  i s  symmetric and r e f l e x i v e  by d e f in i t io n .  To prove
t r a n s i t i v i t y ,  l e t  ( p , f ) , ( v , g )  and (£,u) e  UP such t h a t  (p .,f )  ~ ( v ,g )  
and ( v ,g )  ~ ( g ,u ) .  Hence 3 a measure X with p << X and v << X 
such th a t
dji f  = dv g a . e .  [X] ( 1 )  and ^  a measure X. w i th  
dX dX
v << X.j and g << X^  such t h a t
dv g = dg. u a . e .  [X .]  ( 2 ) .  By remark above ( l )
^  dX1
holds fo r  any Xg w ith  X << Xg (say Xg = X + X^) i . e .
t f  = dv g a . e .  [X2 ] (3 ) -  A lso (2) holds fo r  Xg since  2
X1 << X2 i . e .
dv g = dg. u a . e .  [Xg](U).
dXg dXg
From (3) and (h) we have
t f  = dg, u a . e .  [X? ] ( 5 ) .2 6Xg
T herefore since  Xg dominates both p and £ and (5) holds ( p , f )  ~ (£ ,u ) .  
This completes the p ro o f .
D e fin it ion  6.U .
Let ( p , f )  and (v ,g )  e  UP. Define
36a.
( i )  ( n , f )  ©j,p (v ,g )  = ( X , f  |j±- + g ) where X i s  any
measure w ith  X >> v and X »  p. and du and dv as b e fo re
3X" dX
(Prom now on m u l t i p l i c i t y  p a i r s  w hich  are  e q u iv a le n t  w i l l  be regarded  
as e q u a l ) .
By remark above t h i s  d e f in i t io n  i s  j u s t i f i e d .
( i i )  (p.,1)  ®KP ( v , 1) = (U * v ,  n o v )
A u n i t a r y  op era to r  i s  c h a r a c te r iz e d  by a m u l t i p l i c i t y  p a i r  
i . e .  eq u iva len ce  o f  op era to r  im p lies  e q u iva len ce  o f  m u l t i p l i c i t y  
p a i r s .  Moreover the map which ta k e s  a u n i t a r y  o p era to r  to  a 
m u l t i p l i c i t y  p a i r  p re se rv e s  the o p e r a t io n s  o f  d i r e c t  sums and te n so r  
p ro d u c ts .  T herefo re  the d i s t r i b u t i v e  law v a l i d  fo r  u n i t a r y  o p era to rs  
i s  v a l i d  f o r  m u l t i p l i c i t y  p a i r s ,  as w e l l .
Theorem 6 . 5 .
Let U and V be u n i ta r y  o p e r a to rs  in  the H ilb e r t  spaces and Hg 
r e s p e c t i v e l y .  Let (p .,f)  and (v ,g )  be the r e s p e c t iv e  m u l t i p l i c i t y  
p a i r s  a s s o c ia te d  w ith  U and V. Then, the v n i t a r y  o p e ra to r  U ® V 
in  the H ilb e r t  space H., ® H2 has * v ,  (n i v ) fg )  as i t s  
m u l t i p l i c i t y  p a i r .
P r o o f .
Equivalence o f  op era to rs  im p l ie s  equ iva len ce  o f t h e i r  m u l t i p l i c i t y  
p a i r s .  Thus, the equation *, a b o v e ,  becomes
36b
{ ®liP » " 0 1 ®},;p ( ®
i  d
= © JM-i»  ^1 ®UP I v j . l J  = ® (M-i * V
i , j  i »3
But * V j ,  o = (n * V, (\l O v )  » 1
Therefore ,
i / f  * v  “ i  i  v d]
= © In * v, (n ; v ) £^i £ l i  )
i , i d[i dv
= (p. * v , (n 5 v ) f g ) ,
by d e f in i t io n  o f  ®.,p and since
f  = S duJ and g = 2 dv.. .
1 I T  3 ^
y  “ i  s “ s '




7 . G enera liaa t ion s
The re su lts  o f "6 have a natural g en era l isa t ion  to  the case of
n
r.ore than two u n ita ry  operators. Consider the oper^tor^©^ in
r2 (K11, f tn , X n ) ,  -here K11 = K x . . . .  x K,n times, (So11 i s  the
i =1
— oduct o -a lg eb ra  and X m. i s  the product measure. I t  has been
i =1 n
nroved in lemma 2 . 3  that a maximal spectra l type Ox ©^^
i=1
m = n 1 * . . .  * nn . A lso , i t  h=s been shown that the
‘•or. a V i s  equivalent to the operator '.7 in L2 (Kn ,(linmi  )o,^n ) 
i =1 Ei  * 1= 1
o-o era
through the isom etry which is  induced by the po in t map 0n , in
lemma 3.U. In 05, the important to o l  was theorem U.9. ihat . ' . i l l
n
be so here but with an appropriate sub o -a lgeb ra  ¿P o f  f t No-
nroceed to g iv e  the formal exposit ion .
Defi n i t io n  7 .1
Consi der the measurable space (Kn , f t n ) where K11 -  K x . . .  x K - n -
dimensional to ru s ,  ( f t n is  the product Borel o -a lgebra  = nd f t  the
3orel O-alrebra of
Cirs o f  sub:
Borel sets  in  X
f  Kn o f  the form K x
z e  (L I |z| = 1 ] .  The fam ily
,.  x K x (ft  i s  a sub-o-a lgebra
n -  1
o f  f t n which is  isomorphic to the o-a lgebr ' Borel sets i?
Tom no” on a n v i l i  in'-* ■ n
th is  0 - * lc e lo r
38
The orsr. _ZsZ*
. T 2 tVIiunitary ops r a to r  .» in  1* j
■•= to r !! in
“k
L2 (K11, X m ) ,  the  
k=l K
n t> ) and n(X mi )  ° the sub-O-alqebrak=i
Cn o f  3 > n . Then
I )  The unitary operator . in  L (K , (X m ^ )  ° i s  e lUi
k=1
n 2 ,n v
the un itary operator © M in  L (K , X m. )^
i mi k=1
t t ! b # * m = * m^, is  a maximal spectra l type o f  <3 ’■*_m-\ • • • *  n k=1 ic ic=1 k
and hence i t  is  a maximal sp e c t ra l  type o f  "n *
n
III) There e x is t  fa m i l i e s  [h i l i e I  c  1^ ° ^
and [C i j i e I  c {C such L n tha t
( i )
II
'H&•r 0 a .e. i  A
° n
W\W<JL = <-1 n ■hi ,h i i •^n
II X o H*
( i i ) ° i  = c i . i i  e
I
( i i i ) i h i ^ i  ® -so<=nn L2 k=J
a .e i e j , i »  3 e  S
IX
IV ) 6 m- = s Xp i s  a m u l t ip l i c i t y  function f o r  7^ and hence i t
™  i  i
n n
is  a m u l t ip l ic i t y  p a ir  f o r  ® U . Consequently ( * » w  0„ ^  is







I )  c . f .  lemma J .k .
I I )  c . f .  ler.ma 2.3.
I l l )  The fa m i l ie s  i Ì T and l Y i e T  CP-n 1)6 obtained by applying
2 n
theorem U-9. to the space L ( (X 1^ ) 0  0^) w ith  UC n as the sub-o-algebra
IV) The proof i s  the same as the p roo f  o f  theorem 5.2. part IV , 
with the appropria te changes.
Ilo-, a gen era l ized  vers ion  of theorem 6.5 can be given but b e fo re  
that, the fo l lo w in g  is needed.
Let , C =  1 , . . . , s  be unitary operators in the H ilb e r t  space 
H £ =1 , . . . ,  s r e s p e c t iv e ly  and l e t  p^ , L* -  Le maximal
spectral types o f U 9 = 1 , . . . . , s r e s p e c t iv e ly .  Then f o r  each
b , Ù = 1 , . . . ,s , U6’ has




in h£ \ ® Y
"here p^ = p,. 
L C »
i » p^+  ^ fo r  a l l  i  and = L (K, p^ ) and
2 ^
is  the m u lt ip l ic a t io n  operator in  L (K , p^ ),
Consequently
s s
© U Si 0  ©
ii i ^ » . * . » t g
6' $






Theorem 7. J .
Let , [ s  1 ........... be un itary ope r-to rs  in the H ilhert
snares , L =  1......... .. r e s p e c t iv e ly .  Let (p.£ , f ^  ) he a
respective  m u l t i p l i c i t y  pa ir  fo r  , £. = ' ' » • • • »  s r e s p e c t iv e ly .
5 s
Then the un itary  onera to r  ® IL in  the H i lb e r t  space ®
" ' 0=1t =1
has ( e=i ^ » ( t i i  *  ) ( f i x **■ x f s ^
as a m u l t ip l ic i t y  p a i r .
P roof.
The o roo f is  a g en era lized  vers ion  o f  the p roo f  o f  theorem a .5. 
"3. Categories
The nresent s e c t io n  is a ra th e r  short one, although, b ig  
structures - . i l l  be employed throughout. I t  can be looked at as a 
summing up o f  what has been, h i th e r to ,  accounted ' o r .  The b ig  
structures are c a te g o r ie s ,  more p r e c is e ly ,  two ca te go r ie s .  The 
category o f measure spaces and the category  o f  H i lb e r t  spaces. 
D e fin it ion  8 . '*.
The category 3 c  o f  measure spaces is  d e f in ed  as f o l l o - s  
Objects.: Measure spaces
Moruhisms: Homomorphisms
Composition Law: Ordinary composition o f  maps i ' I
... PS .......... m
De f in i t i o n  8 .2 .
The category rJC o f  H i lb e r t  spaces is  defined as fo l lo w s  
Ob.jects : H i lb e r t  spaces 
Xorn'ni sms : Linear operators
Composition Law: Ordinary composition o f  maps.
There is a natura l fu n c to r ia l  r e la t io n  between the ca tegor ies
36 and PC  through a fun cto r  P which takes each measure space X to 
P Pi t s  L -space L (X ) and the homomorphism to i t s  induced l in e a r  operator. 
I f  X i s  a Lebesgue space and the homomorphism is  an in v e r t ib le  measure 
o re se rv in g  transform ation  then the induced l in ea r  operator i s  un itary  
( is om etry ) .  I f  "/ i s  the group o f  in v e r t ib le  measure p reserv ing  
transformation on a Lebesgue space, then one of the conjugacy 
in var ian ts  i s  the spec tra l  in va r ian t .  However th is  is  not a complete 
in va r ian t .  The r e la t io n  between conjugacy invariants and spectra l 
in va r ian ts  is  in fa c t  the functor P.
The functor P takes the operations d is jo in t  unions in  to  
orthogonal d i r e c t  sums in P C  and d ir e c t  products in 36 to tensor 
products in P C  • Moreover, a un itary  operator can be looked at as 
a m u l t ip l ic i t y  pa ir  and again P preserves these operations. '.7e sha ll 
not pursue that l in e  o f  thought any fu rther  since i t  does not seem
of .to  throw more l i g h t  on the structure
U2.
j 9 . Tensor products o f  operators with d is c r e te  spectrum.
Lot U be a u n ita ry  operator in a H ilb e r t  space H - i t h  sir.ple 
d is c re te  snectrum. Then U is  equ iva lent to the m u lt ip l ic a t io n
p
operator in L (K,|J.), where n i s  maximal spectra l type o f  U. .--Iso 
the un itary  operator in  L (K x K, u x p.) i s  equ iva lent to
the operator U ® U in  H ® H. A m u l t ip l ic i t y  p a ir  could be assigned 
to  the u n ita iy  operator U ® U, through theorem 5.2 , namely,
( ll * ¡j., u 6 ll) .  The symmetric product U 9 U is  the restric t.!,  n i f  
U ® U to the symmetric subspace H 9 H o f H © K. U 0 U  has M- * M- as a
maximal spec tra l  type* see la t e r .  Let U 0 U as a m u l t ip l ic i t y  p a ir  (p. * p.,f). 
In th is sec t ion  a formula - i l l  be g iven  through which ( M- * H , f )
could be ca lcu la ted .  
no ta t ion
I )  H° = subspace spanned by symmetric functions in L (K x K) - i t h  
support o ff  the d iagon a l.  (A funct ion  f  e  L2(K x K) i s  symmetric 
i f  f ( z ,w )  = f ( w , z )  and the d iagonal is the set ( z , z )  e  K x K. The 
r e s t r i c t i o n  o f  M © M to  H° w i l l  be denoted by V° .
K1 H- 3
I I )  Hd = subspace o f  L2(K x  K) w ith support on the d iagonal. The
r e s t r i c t i o n  o f  to  w i l l  be denoted by V^.
I I I )  H = subspace o f  L2(K x  K) spanned by antisymmetric funct ions
EL
in  L2(K x K ) .  (A fun ct ion  f  e  L2 (K x K) is  antisymmetric i f  
f ( z , w )  = ~ f (w ,z ) .
*
The ortho~on=l d irect
sun o f  H° and H. w i l l  be denoted H . In fa c t  V , the r e s t r i c t i o n  
‘ "s d s =>
of* l' © to H is  equ iva lent to U 0 U in H 0 K (about the
H M- s
d e f in i t i o n  o f  U 0 U and H 0 H see Ch .3 ).
It  is  clear that H° is orthogonal to H .^
A lso  H is  orthogonal to H s ince ( f , g ) = -  ( f , g ) ,  f  e  H , g s  H . a. «  a
Moreover IT  ( A x X) is  the d i r e c t  sum o f  and Hg , s in ce ,  i f
f  e  L2 (K ,X ) then f  = f 1 + f g where f, ( z ,w )  = f ( z w )  + f ( w , z ) and
2
f 2 = f ( z , w ) - f ( w , z )  .
2
2
K x K could be looked at as the u n it  square mod 1 in  R . The 
diagonal d o f  K x K corresponds to the diagonal of the unit square. 
Let A be subset o f  X x K which corresponds to the area above the 
d iagonal in  the u n it  square ••• i l e  A ' denotes the suoset oj. X x X 
which corresponds to the area below. Then i f  f  e  l e t  g = X^f - X 
The claim now that g e Hg . Tor g ( z ,w )  = g ("■' j z ) ,  since X^(z,'")=X^ t (" 
This correspondence is  an equivalence between Hg and which taxes
V to V . s a
Le t  X be an eigenvalue o f U w ith  e igen  funct ion  f .  Then
f  _ x 2 f  i . e .  U2 is  a unitary open«tory  w ith  simple d isc re te  
2
spectrum [X j w h e r e  A i s  the spectrum o f  U. In  f= c t  Vd is  
isomorphic to U2 since Hd is  spanned by f 2 , f  is  an eigenvalue o f  U. 
In other words the maximal spectra l type o f  Vd is  M- * i t s
m u l t ip l i c i t y  is  one.
? - --i. •

By g e n e ra l iz in g  th is  idea to nore than one random, say X  ^  ......... , X^
we g e t  what is  c a l le d  the f i n i t e  dimensional d is t r ib u t io n .  I t  i s  a
pro'o. measure on (Rn , i >( Rn ) )  defined by
t .  . . . . .  t (3 )  = P ( w s  H | (X. ( w ) , . . . ,  X. ( (u), . . . . ,  X. ((o )) s  3 ) ,  
■> n ^1 ^n n
V  B 6 (B (R11) = Bor e l  o - f i e l d  on Rn .
A s to ch a s t ic  process {X^, t e l ]  is  s ta t iona ry  i f  Pt ........  t n i s  the
s-me as ? t  +h........  * t  + h' h e R, i . e .  the f i n i t e  dimensional
d is t r ib u t io n  are invarian t under time tran s la t ion s .
stc
unJ n ' • o
;r--tor U„ in  L2 (R , &, P ) "d
.2
J
f l . rn ^r-oee^s =na 'V-n~si--n snbs-^£.e.
Def in i  t l  on 1 . 1  .
Gau-. clan -pr ocesses .
A s toch ast ic  process [X^, t e T } on (R, , P) i s  Gaussian i f
the f i n i t e  dimensional d is t r ib u t io n s  o f  the process are gaussian. A
f i n i t e  dimensional d is t r ib u t io n  o f X. ........... , x .  is  gaussian i f
n
der d isc re te time stc
: pr oc e s s  on 3. Le Idss^i
.t.s. t . V “> =X (Tnto 0
fT i l  <n, j 'vh:
uT f
E-*0II , f  e L1
------------- . . .
hi
n
( 3 )  = iA j j
(2  n)^2  J B
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a id x i
Q /r,n,
D e f in i t io n  -1 . 2 .
2
A close A subspace o f L (R ) is c a l led  Gaussian i f  each ■‘'unction
iss ian  A is t r ib u t io n .
A isc rete  time G-ussian Process. The closure 
, v ' s  de f in ing  the process is  a Gaussian space, 
’ 1  i f  d> is  the sm a lles t  O-algebra ' o r  -h ich
iis subspace ha s a Gai
Let ( V  n ? oj be a
the l in e  ar sp? n o f  r
said to be fund ■ament
a l l  the r . v . ' s  [ X j are measurable. In  this case -4) (H) rep laces  ih . 
D e f in it io n  1 .3 .
e a k s t 0 t i on?, ry .
A A is c re te  time Gaussian process [Xn ,n > o] i s  weak s ta t ion a ry
i^ECX X ) -3 (X  X ) In th is  case weak stat ionary  s ta t ionary ,
i  d "  i  + 1 d + 1
D e f in i t io n  1, h .
Towards the e s ta b l ish in g  o f  the f i n a l  r e su lt  some more structures 
generated by H, a Gauss subspace, are needed. F i r s t  l e t  Pn0 0  be tbe
CO
set o f  a l l  nolynomiaIs in  members of H with degree < n. Let 2 (h ) - 'J Pn .
n-o
which can be seen as a r in g  and is  c a l le d  the r in g  generated by H.
U3
Also exp H is  the set o f  a l l  r p s  X *—♦ exp X '-here X € H and 
exp X e L2 (P , £ > (H ),  P ) .  R (K ) ,  exp H and L2 (P , (H ),  P) « r e
re la ted  to each other by the f o l l c y in g  r e la t io n s  •••hich v r i l l  not 
be proved h ere :
exp H generates L2 ( ( Tl) ) ,  exp l i e  R(H) and R(H) is  dense 
in L2 ( 5  (H) ) .
$ 2. Symmetric Tensor Products .
The f o l l o - in g  i s  a summary o f  c e r ta in  fa c ts  about symmetric 
tensor products o f  H ilb er t  spaces.
H00 is  knov.n from Ch. I I .
= a l l  symmetric element o f  h11. I t  is a subspace o f  iinG .
Let Sn be the symmetric gp and O any permutation in Sn - Let u^.O e Sj 
be the operator in  H3"® defined  by
V1 ® ...... ® vn ‘ *  Vo ( 1 ) ® -------- ® Vo (n ) *
The operator u_ i s  e a s i ly  seen to be un ita ry .  Moreover —t 2 u 
°  osSn
is  an orthogonal p ro je c t io n  o f  H33® on iP  .
D e f in it ion  2.1 .
0  v o v = 1 -  s Uo (v ®.
n x/n'. o s '3 •£ V „ >
Since v
etrlc •'.•naor -roduct of unit ry oner torn
Let U bs n unitary operator tnHJ'r' ? In H1*'1 h”» been defin'-d 
before. The restriction of TT1^  to '"111 be cabled ~ r i t ‘ en ?,n
la un1t ' ry:i'. i 3 denned a3 the reatrlctlon of IT
a-" co over
is o i l i e d  thedirect sun 2 H"“ v/here H  ^ = G-
1 = 0
c over H and is denoted by Txp o H
The count *» hi
It  should be retr.-rked
be an orthonormal b a s is  fo r  a Hilb r t  space
be a suicnable fam ily  of in tege rs









3 ««  [16 ]
?o r  any proo f oonesrnlng the b » s l s  o f  l ^ ' l t  la  enough to  prove
fo r  ( n n. )-3  l? v  ® nl j  
J-1 *k j - 1
Definition ?.5.
Herplte ^olynomla^e.
Hermlte po lynom ials  h ^ x )  o f  degree n on R la  de fined  from
exp(u x ■ 2 h_(x)
^  n>0 n !  *
Also they a re  the po lynom ia ls  a r r i v e d  a t  by app lying G-S process  to
2
( l , x , x 2 , . . . . )  In I,2 e"*x dx) where they form an orthonormal
S Z l
b as is  fo r  I t ,
2 2
A lso ,  we note h e re  the fo l lo w in g :  exp ( 2 u i Xi  2 u l ° l  ^
1=1 1=1
n exp (u ,x ,  - i  u?  o j  = f  2 u?o2n h ( i i .  )







’ 3 . The r e p r e s e n ta t io n  o f  L2 ( fl,$>(H ), P)
The r e p r e s e n ta t io n  o f  L2 ( n ,® ( H ) ,  P) as a symmetric Pock space
w i l l  be given here ;
50
Proof.
For any p ro o f  concerning the bas is  o f  H ^ i t  is  enough to  prove
fo r  ( n n ) _?  ® v 9 ni j  
j =1 xk 3=1
D e fin it ion  2 .5 .
Hermite -polynomials.
Hermite polynomials hn ( x )  o f  degree n on R i s  defined  from 
2 vPexp(u x -  j f )  = 2 —  h_(x)
^  n> 0  n! ”
Also they are the polynomials a r r iv ed  at by applying G-S process t o
 ^ 2
(1 ,X,X2 , . . . . )  in  L2 (R ,—— e -sX dx) -where they  form an orthonorm al
\/5n
See [16 ]
basis f o r  i t .
k 2 2
A lso ,  we note here the fo l lo w in g :  exp ( 2 U.,X - i  2 u .o .  )i=1 1 1 i= 1 1 1
1 . 2  2= n exp ( u .x .  - i  n“: a“7 = n 2 u?o2n hn ( i i .  )
1 1 1  1 1 1 n>0 -x a.
n! 1
n.
= 2  U1
n>0
l1i
o , “ ! . . .  o ^ h n < i i > .......... v  <** >
-------  1 k n 1 o . nk o ~1 k
( * )
“k!
*3. The rep resen ta t ion  o f  L2 ( n,0?>(H), P )
2
The rep resen ta t ion  o f  L ( H ,®  (H ), P )  as a symmetric Fock space 
w i l l  be g iven  here :
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Theorem 3 .1 «
I f  H is  a Gauss subspace o f  L (n , d (H),P) then .1 a unique
2
isometry ¡6 o f  exp o H on to L ( n , i 1>(H),P) s . t .
(exp o X) = exp (X -  i  32 ( X ) ) ,
2 2Recall th-=t 3  (X) = o , the v a r ia n c e  o f  X.
Theorem .
Let (X^)i(_ j  be an orthonormal in  H then the fam ily
{hr n > 1 is  an orthonorm al b a s is  fo r  L (fl, S i (H ) ,P ) ,
‘ I ni , 2 n 1 =n ] ! ’
1  I  1
■here
hr , = ( n n. , ) -2  n h (X. )
{ n^, 2 = n ] j  j  nk  *k
Here h = 1 . o
proof.
Exp 9 (u X. + ...........  \  Xi )1 k
= 2
i




(u 1 * i .  ............  + \  = 2
1 n j. . .
u ,
n . + #••+n. —n 
X1 xk
=  2 2 
n>0 n. + . . .+ n .  =n
ni l
^ ..... u
nik  n i 1 ®
ii. • ^4 tK 1 4• ••• l v •
( * ,  ©










. 0 X. )
xk
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* in 2.5 and Theorem 3.1
n i
o .  k h / Xik \  i s  the ¡6 linage o f
k v  «t 'J-v
Q.S.D.
S p e c t r a l  A n a ly s is «
Let T b e  the unique u n i t a r y  o p e ra to r  on (ft, ,p)
s . t .  X .(w )  = X (Tw), X e  H, a Gauss subspace. Then the induced  n+1 n ’ n J
2
u n i ta r y  o p e ra to r  D^ , in  L (fl, >£> (H) ,P) i s  the unique m u l t ip l i c a t i v e  
( i . e .  UT ( f g )  = UT f  UT g, f ,  geL2 ) e x te n s io n  o f  Ut |H where Ut |H i s  
the o p e r a to r  sending Xn —* ^n+i • |H i s  c y c l i c  by d e f i n i t i o n .
Now we are in  a p o s i t io n  to  s t a t e  and prove th e  fo l lo w in g .  
Theorem U .1 .
Let U be a c y c l i c  u n i ta r y  o p e ra to r  i n  a Gauss subspace H. Then
the m u l t i p l i c a t i v e  e x te n s io n  M o f  U to L2 (ft»iS(H ),P) = R(h) i s
a> n®





n i k  t




(UX. ) 1 0 . . . .  0 (UX. )
*1 k
V *
L (X. ) . . .  h (X ) n. i .  n. i ki 1 1 K
X M
h (ux ) . . .  hj, )
ni 1 *1 ^ i k *
The commutativity o f  the above diagram tog e th er  w ith  e x te n s io n
to a l l  l i n e a r  combination prove the theorem.
,','hat is  the maximum s p e c t r a l  type o f  UT in  L ( f t ,& (H ) ,P )?
To answer th is  question  we need the maximal s p e c t r a l  type o f  
U110 in  r f 1*5 .
L e t  U be a c y c l i c  u n i ta r y  o p e ra to r  in  H. Let x  e  H be a
g en era to r  and th e re fo re  the type p. o f  x i s  maximal. Then
p^(p^ = |j.*......... *p.) i s  the maximal s p e c t r a l  type o f  U*1® in
k
3ut x ® . . . ,® x e  H then p.n i s  the maximal s p e c t r a l  typ e  o f  U110 in  rf1® 
n
Hence, the  answer to  the g iven  qu estion  i s  the fo l lo w in g  Theorem 
Theorem U .2.
00 num in  L2 ( n , 6 ( H ) ,P )  has maximal s p e c t r a l  type 2 p. , -h e re  
1  n =0
p° = 6 (the measure having the  u n i t  mass a t  the o r i g i n  in  K i . e .  4 )
5U.
SOUS INVARIANT O-ALGEBRAS POR MEASURE PRESERVING 
TRANSFORMATION.
JO In t ro d u c t io n .
0 . 1 .  Let (X, 6 ,m )  be a Lebesgue apace [2i|] and T a measure p re se rv in g  
tran sfo rm ation  on (X ,fo ,m ) .  Then (X, B,m,T) w i l l  be c a l le d  a dynamical 
system. Throughout the p re s e n t  c h a p te r ,  a dynam ical p ro p e r ty  o f  
(X,Gb,m,T) w i l l  be a t t r i b u t e d  t o  T r a t h e r  than  th e  u n d e r ly in g  system.
U,p w i l l  denote the induced u n i ta r y  o p era to r  in  L ( X ,® ,m ) .  A s p e c t r a l  
p rop erty  o f  T means a s p e c t r a l  p ro p e rty  o f U^ ,.
T i s  s a id  to  be e rgod ic  i f  T-  ^ B = B, B e ®  m(3) = 0 or 1 .
* n j j ^
T i s  weak mixing i f  ^ A,B e  S  — 2 |m (T A n B) -  m(A) m(B) | —* 0n  i=1
V f  e  L2 (X, $  ,m), J  ^  I <u j f , f > -  < f ,1>  <1 ,f>  I -  0  
n **o
^  5  ^  I <u2 ,ge  L2 (X, % ,m ). T i s  strong
mixing i f  V A, B 6  $ ,  m(T-n  A n B) -* m(A) m(B) «=* f,f)>
<f*,1> < 1 ,f>  V f  6  L2 (X, a ,m )  < D jf ,g )  -*
<f,1>  < 1 ,g )  V f . g  e  L2 (X, f l ,m ) .  I t  i s  a w e l l  known r e s u l t  th a t  T 
i s  strong mixing ^  T i s  weak mixing »» T i s  e rg o d ic  and the converse 
i s  f a l s e .  For more d e t a i l s  see [ 1 0 ] ,  [29 3*
0 . 2 .  In his paper [ 2 8 ] ,  P. " a l t e r s  d e f in e d ,  f o r  an in v e r t i b l e  measure 
p re se rv in g  t ra n s fo rm a tio n  o f  a Lebesgue space (X ,® ,m )  and a sequence 
N = [ n j 00, o f  in t e g e r s ,  an in v a r ia n t  su b -o -a lg e b ra  01N c  ® by
\iltk
55.
(2_n(T) = { A e  8  |m(T A A A) -» 0 } . (Prom now on, we s h e l l  adopt  
the n o ta t io n s  9 = [ 9 ( i ) ]  f o r  a sequence o f  i n t e g e r s  end 61Q f o r  
".'alters o - a lg e b r a ) .  In th e  p re se n t  work we s h a l l  take the idea  
fu r th e r  and d e f in e  an in v a r ia n t  su b-o -a lgehra  by
<j£ 0 (T ) = ( A e i)|n (T 9 ^ ^  A A T0 ^ ^ A ) -* as i ,  j  -* »} .
I t  ’w i l l  be p roved  t h a t  @ q (T)  c  <2q(T) and th a t  and & Q has
p ro p e r t ie s  in  common.
Let 77 d en otes  the c l a s s  of a l l  in v e r t i b le  measure p re se rv in g  
t ra n s fo rm a tio n  o f  a Lebesgue space (X, i$,m)j\^/is a to p o lo g ic a l  group. 
The topology  i s  the weak topology which i s  i n h e r i t e d  from the '-eak 
topology in  the group o f  u n i ta ry  op era to rs  in  L (X,.S,m).. So
-♦ T w eakly  i n  77 i f f  <(uT f ,g >  -* <UTf,g)> f o r  each f , g  e  L2 (X).
J
I t  i s  w orth  n o t ic in g  th a t  the strong ^ top jlogy, ^here U s t ro n g ly
in  U i f f  || U jf -U f  | -* 0 f o r  a l l  f  e  L (X, £ ,m ), co in cides w ith  the
weak to p o lo g y .  77 i s  a l s o  a complete m etr ic  group (see [ 1 0 ] ) .
I t  has been s t a te d  i n  [-28]» that ^ q(T) = ® im plies  T I
weakly ( s t r o n g ly )  in  77, where I i s  the i d e n t i t y  t ran sfo rm ation . I t  
w i l l  be proved here t h a t  £2Q(T) = (B im plies  th a t  T9 ^  -♦ S weakly  
( s t r o n g ly )  in  ’7 , S <= 7/. This w i l l  lea d  to  th e  d e f i n i t i o n  o f  a se t  
G(T) c  TV f o r  e v e ry  T e l .  G(T) '.will be shorn to  be a commutative 
subgroup o f  W -’ here the r e s t r i c t i o n  o f  the m e t r ic  in  TV to G(T) i s  
in v a r i a n t .  Furtherm ore, the subgroup G(T) -w ill  be c a l le d  the T-group.
The behaviour o f  the o -a lg e b r a s  ® 0 (T) under group e x te n s io n s  
r i l l  be in v e s t ig a te d .  I f  i s  a Gaussian s h i f t  based on the covarian ce  
measure p i * e .  a s h i f t  g e n e ra te d  by a s ta t io n a ry  Gaussian p ro c e ss  w i th  
covariance measure p ,  then  G(T ) w i l l  be s tu d ie d .  I t  w i l l  be shown 
th a t  members o f  G(T^) are^G aussian s h i f t s  based on oovoPiance measures  
r e l a t  the l i m i t  p o in ts  o f  (\n ) ,  n e N, \ s  K = [ z  s i  | |z|=l| ,
2 yin L (K,p). Moreover, if p is concentrated on a kronecker set X of 1 
I = c (R then G(T^) will be isomorphic to C(X,K) = continuous
functions with support on K and with modulus one.
F in a l l y ,  th esa wi l l —l e a d ,—ao i t  w i l l—be- sliuwrr^'tQ' "the
s o lu t io n . o f  ©ne'-trf ^ "rOBTSifis' p¿sect '’aT'Hi'S‘ 'Sncr “B'f’-'f-S®]
Throughout the p re s e n t  work, the n o ta t io n  o f  [28]  w i l l  be p re se rve d  
except f o r  the f o l l o - i n g :  a sequence o f  In teg ers  w i l l  be denoted 
6 = ( 6 ( i ) l i  , ® N(T) w i l l  be re p la c e d  by ^ ( T ) ,  &( T ^ f T j . a i T )
will be replaced by #-(T), aQ(T) and a(T) respectively.
51. The Q-algebra3 ¿S-0(T).
Definition 1.1.
Let T be an i n v e r t i b l e  measure p re s e rv in g  t ran s fo rm ation  on a 
Lebesgue space ( X , $ , m ) .  Let 0 = [ 0 ( i )  } be a sequence o f  in te g e r s ,  
then &q(t ) i s  d e f in e d  by
fl (T) = {Ae £  | m (T0(i) A A T0(i)A) ^ 0 as i, j -♦ »}
•4 * F T
57.
(0 (t )0V ' is a o-algebra
P roo f.
7/e have to  p ro v e :  i )  ¡6 e  C£0(t ), i i )  <2.q (T) i s  c lo se d  under  
complementation, i i i )  ¿ ¿ 0 (T) i s  f i n i t e l y  a d d it iv e ,a n d  i v )  ^ 0 (T) i s  
o - a d d i t i v e .
C le a r ly  i )  i s  t r u e .  As f o r  i i ) ,  i f  A e  q(T) then mCT6 1^ ^ 0 AT0 ^ ^ =
m(T0^*^A A T0^^A) which implies that AC e 0^ 0(T). Let A-|»A2 e ^  q (T)
then m(T0 i^ ^(A1 U Ag ) A T0 ^ ^ ( A 1 u A2 )) < ^(T0 1^ ^ A T 0^  ^A 1 J+mi^^AgAT0^ )
Thus i i i )  i s  true. F i n a l l y  to prove that Q  q(T) i s  O-additive  i t  is
enough to  prove th a t  i f  C ^ e ( T) *nd A  ^ c  A2 c  A3 c  • • • •  then
A = U A, e  t£0 (T). 
k>1 1
Given e > 0 ,  choose k s . t .  m(A-A. ) < e .  Let I be chosen s . t .° *o
i,j > I m (T0^  Ak A T9^  \  )'< e.
o o
Then
m (T0(1)A a T0 ^ A )  < m (T®^1 ^ A A T0^1^  J+miT^^A. A T0 ^ V  )*o o o
+ m(Te ^^A. A T9 ^ A )Ko
< 3 e .
Therefore A 6 (2.q (t ) end iv) is true, and this concludes the proof
that Cg(T) is  a o-algebra.
Theorem 1.2.
58.
Corollary 1 .3 .
Let £2'0 (T) Le V a l t e r ' s  o -a lg e b ra ,  then ££'0 (T) c  ^ O (T ).
Proof.
I f  A e  (T) then
0
miT0 1^ ) a A T0 ^ A )  < mCT0 1^ ^  A A) + m(A A T0 ^ A )  -* 0, i . e .  A e  & 0 (T) 
and hence ¿£'0 (T) c  ^ q(T).
Lema 1 .U. i
2
Let f  <= L (o) be r e a l  va lued  and non-constan t.  Let 0 be a sequence 
of in te g e rs  and C denotes the o -a lg e b ra  o f  Borel s e ts  o f  P. I f  
||0[,e ^ f - U Te ^ f I I  -*• 0 ,  then f " 1 (£) c  & 0 (T).
P ro o f.
Let b e  E and put B = { x | f (x )  < bj and Bg = { x | f(x )  < b + e j  . On 
the s e t  T- 0 ^1 ^B-T- 0 ^  B^ we have I f ^ ^ x )  -  f (T 0 ^^x)| > e ,  ( s in c e :o
x e T- 9 1^ B^ -  T- 0 ^ B _ .  + x = T- 0 1^ V »  7 e  B 4  T9 ^  x = y rnd f ( y )  « e;
now T- 0 ^  t-0(L) y ^ Be , otherwise T6 ^  y e  T- 0 1^ V  e Be a contradiction.
Therefore m (T- 0 1^  ^ B -  T- 0 ^ B e ) -*■ 0 . Since BG -  B decrease w i th  e ,
then PI (B -B) = ¡6. 
e>0
Given 6 > 0 choose e Q such th a t  m(B£ -.B) < 0 .  Choose I such ■‘■hat
i , j  > I =*• m(T- 0 ^1 B^ \ T_ 0 ^^B ) < m(T- 0 i^ ^B-T“0 ^ ^ 3 e )+m(T-0   ^0 B^e -
o o
T- 0 ( 3 ) B) < 2 6 .
Therefore mCT0 1^ ^  A T0 ( ^ B )  -* 0, which im plies  t h a t  f - 1 (^ ° ,b )e  GL Q c  T). 
Thus f " 1(t?) c  d  (T ).
Theorem 1.5.
L2 ( C e ( T ) ) = ( f e L2 c 8 |  || UT0 ( i ) f  -  UT® ^ ) f | -  0J 
Proof.
The proo f goes word by word as the p ro o f  o f  theorem (2)  in  [ 2 8 ] ,  
but w i th  re p la c in g  by
Let '.V be the space o f in v e r t i b l e  m easure-p reserv ing  t ra n s fo rm a t io n s
of (X, J^,m) endowed w ith  the weak topology  [ 1 0 ] ,  i t  has been s t a te d
in [28]  th a t  & ' q(T) = & means (T® converges to the i d e n t i t y  in
'7 or e q u iv a le n t ly  (U_,®^^) converges to  I in  the space o f  u n i t a r y  
2
op era to rs  in  L (£) w ith  the weak (s t ro n g )  to p o lo g y .  In the next
theorem we w i l l  Drove th a t  C2..(T) = i£> means (T ' ')  converges to
an i n v e r t i b l e  measure p re se rv in g  t ra n s fo rm a t io n  S in  ?/. I t  i s
s u f f i c i e n t  to prove th a t  converges to  V in  the space o f
u n i ta r y  o p era to rs  in  L ((&) w ith  the weak (s t ro n g )  topo logy , and th a t
*
V i s  u n i t a r y  and induced i . e .  V = Vg f o r  some S in  7/.
Theorem 1 . 6 .
(jL~( T) = i> - - y  V and V i s  u n i ta r y  and induced.D N 7 T
P ro o f ,
<30 (t ) = £ =?• II UTe ^ ^ f  -  UTe ^ V  II -+ o ,  V f  e L2 (3>) and 
th is  im plies  th a t  (UT® ^ )  converges s t r o n g ly  to V in  th e  space o f  
bounded l i n e a r  o p e ra to rs  in  L2 (3?). That V i s  u n i ta r y  fo l lo w s  a t  
once from the computation o f  | _ V f|| which tends to z e ro .
To prove th a t  V i s  induced i t  remains to  prove th a t  V i s  m u l t i p l i c a t i v e .  
I t  s u f f i c e s  to prove th a t  fo r  bounded fu n c t io n s .  Let f ,  g be
e s s e n t i a l l y  bounded.
60
Hence,
||UT0 ( i ) f  -  V f  II -» 0 ,  II UTe ( l g^ -  VgII -  0 and || UT0 ( i ) ( fg )  -  V('g) || -> 0
Ve want to p ro v e  t h a t  V (fg )  = V f Vg or | U ^ ^ ^ f g )  -  Vf.Vg|| -♦ o. But 
l|UT0 ( i ) ( fg )  -  V f  Vg|| = || UT0 ( i ) f  UT0 ( l ) g -  UT0 ( i ) g .V f  +
< II uT0 ( i ) f  uT0 ( i ) g -  uT0 ( i ) gvf II + II UT0 ( l ) gVf - V f Vg||
< llg 11^  II uT0(1 )f  - vf || + ||f  1^ || uT0 ( i ) g - Vg||
-» 0 .
Thus V i s  u n i t a r y  and m u l t i p l i c a t i v e  i . e .  V ■ Vg f o r  some S e  ’-7.
The n e x t  theorem r e l a t e s  the p ro p e r ty  (20 (T) = & to  the s p e c t r a l  
theory.
Theorem 1 .7 .
£  0 (T) = 6  <=> j |x0 ( i )  _ X0 (d) |2do (X) -♦ o as i , j  -* *>, where 
K *
0 denotes a f i n i t e  measure on K = i z  £ i'|  | z | = i j  whose type i s  a 
maximal s p e c t r a l  type of T.
Proof .
Suppose the r i g h t  hand side h o ld s .  V.’e want to prove th a t  t h is  
implies the same ho lds f o r  o .^ where o^ , i s  the maximal sp e c t ra l  type  
of f ,  f  e  L2 ((H). Let h e  L1 (o ) .  Let t> > 0 be g iven  =nd choose 
h|, h2 such t h a t  h = h, + hg , h1 i s  bounded ( |h., (M I < Cfl spy )  °nd
1  lh2(\ )| d o (x ) < a.
61
| | |x0 ( i )  _ \e ^ f |h(x)ao.(\)| < J  |x0 ( O  _ x0 ( i3 )| 2h l (x )|ao 
+ J  I x0^ )  -  x0 ( i ) | 2 |h2 (X)|2do
< c6 j  IX0 ^ )  _ X0 (3>| do(x )  + U.6 < 56 i f  i , 3  > I ,  I
i s  choosen such t h a t  i ,  3 > I -=$> j  |X0 ^ ^  _ X0 ^^|^do< 6.
I f  h i s  the Radon-Ninkodym d e r i v a t i v e  o f  o f  w . r . t .  o ,  th°n fo l lo w in g  
theorem 1 . 5  we have
|| UT0 ( l ) f  -  UT0 ( ;) ) f|| -» 0 ,  Vf e L2C 6 i . e .  <2.q(T) = 8  . 
C o nverse ly ,  ^ g ( T )  = (0~=^>J  IX0 1^  ^ -  X0 ^ ^ | 2d 0 .  In p a r t i c u la r
i f  f  i s  maximal i . e .
J  IX0 1^  ^ -  X0 ^ ^ | 2<3<7 - » 0 ,  o i s  o f  maximal s p e c t r a l  t y p e .
*
§2. Some p r o p e r t ie s  o f  ® 0 (T).
The fo l lo w in g  theorem which g iv e s  the s im p lest  examples o f  
t ra n s fo rm a tio n s  w ith  62.q(T) = <H> , has been mentioned in  [■£?]; we 
w i l l  w r i t e  i t  down f o r  com pleteness sake.
Theorem 2 . 1 . ]
I f  T i s  ergodic  w i th  d i s c r e t e  spectrum, th e re  e x i s t  a sequence
e = ( e ( i ) |  w ith  a * 0(T) = 8  .
Then,
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"e can suppose T i s  an ergodic r o t a t io n  on a compact ^beli^n  
group G [1 0 ,  p lt8], Choose 0 = ( 0 ( i ) }  such th a t  ¿Z.9 ^  -♦ e the
id e n t i t y  element o f  G. I f  y i s  a characte r  o f  G | = lY(a9 i^ V ' 1^ _,0.
Since the c h a ra c te rs  g en era te  L (G) we have (2. ’ (T) = t> .
I t  f o l lo w s  from theorem ( 2 . 1 )  and C o ro l la ry  ( 1 . 3 )  t h a t  e rgodic  
t ran s fo rm ation s  w i th  d i s c r e t e  spectrum are  the sim plest examples of
tran sfo rm ation s  ’••ith (2-Q(T) = jB ■ Also, i t  fo l lo w s  from C o r o l la r y  1 . 3  th a t  
the a lgebras  {¡1q( t ) has the same connection, w ith  the work of Katok end 
S tep in  f 1 2 ]  and the  work o f  Chacon end Schwprtxbauer [ 1 ] on 
approximation by o e r io d ic  t ra n s fo rm a tio n ,  as the a lg e b ra s  q(T).
I f  T admits an approxim ation of the second kind by p e r io d ic  t ra n s fo rm a tio n
(a. -.t.Il) in the sense of Katok end Stepin [12,p -78 ] then Band
then (JLjp j = (2) as well by Corollary 1.3« Also if T sdmits 
an approximation by periodic automorphisms in Chacon and Sch'--artzbeuer, 
sense [1 ] then j = (2> and then ¿g.  ^= (2 *>y Corollary 1.3.
The r e l a t io n s h ip  o f  the p a r t i t i o n s  a'g(T) (a 'g(T) i s  the p a r t i t i o n  
corresponding to the o -a lg eb re  (5 ,'e(T) to the entrooy th eory  has been 
discussed  in  [28 ] .  Here, the r e l a t i  nship of the p a r t i t i o n s  
o.q(T) ( uq(T) i s  the p a r t i t i o n  coiresponding to the o -e lg e b ra  (3Lq(T)) 
to  entropy th e o ry  w i l l  be discussed as w e l l .  I t  w i l l  tu r n  out th a t  
the r e la t io n s h ip  i s  s im i la r ,  however, the p roo fs  w i l l  be a modified  
v e rs io n  of the ones in  [2 8 ] .
The fo l lo w in g  is  a summary o f some r e le v a n t  r e s u l t s  in  entropy  
theory  and i s  ouoted from [2 8 ] ,  (The n o ta t io n  fo r  en tro py  are from  
[ 2 5 ] ) .
Proof.
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"Let SC-denote the set of pert lt im s - i th  f in ite  entropy. Pinsker
[21 ] has defined the maximum partition with zero entropy for T as
n(T) = Vjg e 3 .| h (T ,5 )  = Oj. n(T) i s  in v a r ia n t  w ith  re sp e c t  to T
ana i f  . e 3- then < n(T) i f f  h (T, ) = 0. U^ing the concept
of sequence entropy introduced by Kushnirenko [13]» one can define
the maximum partition with zero 6-entropy for T ( i . e .  for a secuence
of in te g e rs  6) by n0(T) = [g e3t-|h0(T,g) = 0 ) .  I t  i s  s t ra ig h t fo rw a rd
to check that T n0(T) = n0(T) and i f  e SC then < n0(T) i f f
hg(T)g) = 0. The main result of Kushnirenko’ s paper [ 1 3 ] implies
II (T) = A nQ(T) is the maximum partition for T such that the 
6 6
associated factor transformation has discrete spectrum. In other 
words H>,(T) is the partition generated by the eigen functions of T." 
Theorem 2.2.
For every sequence 6 of integers,
i )  aQ(T) < n0(T),
i i )  a0(T) < n(T), and
i i i )  a(T) < n(T)
Proof
i )  Let g be a fin ite  partition and g < a0(T), then
H iT ^^ gV  . . . .  VT0 k^ )g) < H(T6 ^1 ^g) + H(T0 ( 2 )glT 0 ( 1 .............
____+ H(T0 (k )g|T0(k"1 ^g),
So i f  H(T0 k^ ^g|T0 k^_1^g) -♦ 0 then h0(T,g) = 0 end g < II0(T). But> 
H(Te(k)g|T6 k^“1 ^) < H(T0 k^ ^g|sg) + H(Sg|T0^k_1^g) where S = lim  T0^k ^
in  the group a f  in v e r t ib le  measure p re se rv in g  tra n s fo rm a tio n  on 
(X, <2.0 ,m), so H(T0 ( k )g|T0 (k-1 ^g) -+ 0 as k -♦ 0 since the r ig h t  hand 
side o f  the above e q u a l i ty  does. Hence a 0(T) < n0 (T).
6k.
i i )  Let £ t e  a fin ite  partition and £ < aQ(T ), then
h(T,5> -  H(el nv T »o  < J i* , n4 then u )  follOT,
i i i )  i )  and i i )  imply i i ) .
C oro l la ry  P . 3.
h(TaQ(T)) = °> V TaQ(T)> = 0 snd h(Ta(T)) = 0
Let ( f fl be the cla - s of measure preserving transformations
7/ith 62-g = ¿> . I f  is the class of a l l  measure preserving
transformation with ¿ c 'Q = & then, clearly, £ ' Q c t Q. It
has been proved in [¿g ]  that C ' Q is closed under reasonable fin ite
operations. It w i l l  be proven, here, that t?Q is closed under
such operations as well. Moreover, following Parry's idea [19]
of a structure theory based on models we w il l  introduce the concept
of dynamical representations in ¡5 Q.o
Lemma 2.U.
I f  S, T e then
a 6(s X  T) = <£e(s) X  C L q ( t ).
P r o o f .
Let R = {A^  x Ag, A^  e GLq(S ) ,  Ag e ^ -0(T)J, the set of 
measurable rectangles in (ZQ(s) x C£.q( t ).  R 1- an algebra which 
generates (2 g (s )  x d  q( t ). It  is sufficient to prove that R 
l ie s  in a 0(S x T). Let A1 e Q q(S) and Ag e £c q( t ),  then
■* O  8 8  i ,  j  ■* 0 .
Thus R c Ci„(S x T) end o
Glq(S X  T) = 6Le(S) X  £ 0( t ).
The lest lemma is, in fact, valid for countable cartesian products 
and the proof is similar.
Lemma 2.5.
Prom lemma 2.L. we have
Q  (S x T) = CL o(S) x C O T ) .  The results then follow since 0' 0 0
the cartesian product preserves the refinement over 0.
Lemma 2.6.
C?0 is closed under inverse limits end i f  ^  £ and T =
TS, = S, then a0(T^ ) ^  a0(T5)
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Proof.
The second sta tem ent im p lies  the f i r s t .  To prove the second 
statement i t  s u f f i c e s  t o  take E = e (s i s  the p a r t i t i o n  o f  the space
D e f in i t io n  2 . 7 .
i )  Let (X, 2> »m^T) and (X1 , & , tm, ,T ')  be two dynamical system s.  
Then (X ' , , 6  ' .m ' .T ' )  i s  a f a c t o r  o f  (X,i>,m,T) i f  th e re  e x i s t  a 
homomorphism ¡A c£ (X,»a,m) onto ( X ' j & ' j m ' )  such t h a t
i i )  Let (X,£,m,T) be a dynamical system and (X, S ' j m ^ T ' )  a 
dynamical system w ith  ^ -g (T ')  ='fi i . e .  T* 6  g .  Then a homomorphism 
l6a o f  (X,i>,m) onto (X*, o ' ,m )  i s  sa id  to  be a r e p r e s e n ta t io n  o f  
T in  d 0 i f  tfaT = T' J^a .
t  i s  c losed  under f a c t o r s .  Moreover th e  r e l a t i o n  in  
0
i f g ,  where < Sg means i s  a f a c t o r  of Sg, , Sg e  C g, i s  a
p a r t i a l  o rd e r .  S ince S^, and Sg in  £ 0 , imp 
then C 0 is »  in  f a c t ,  a d i r e c te d  s e t  by
in to  p o in ts )  I f  f  6  I 2 ( f l 0 (T) and f n = S(f|En ) ,  where E(f|gn ) i s  the
c o n d it io n a l  e x p e c ta t io n  o f  f  r e l a t i v e  to the  o _a lg e b ra  generated
by n then
| f  .  f j |  -  0 and H f n -  U®(3) f n ll
En fcn
0T -  T*0
x
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D e f in i t io n  2 .8 »
Let (£> and & a re  the  o -a lg e b ra s  a s s o c ia t e d  w ith  T and Ta
r e s D e c t iv e ly .  Then T i s  sa id  to  have s u f f i c i e n t l y  many re p re s e n ta t io n
in  o i f  & = V 0 “ 1 ( & ) ,  0 i s  a r e p r e s e n ta t io n  o f  T in  (S’ Q. 
a
Let T be ergodic w i t h  re p re s e n ta t io n s  0a and 0 in  
Ta> Tp e  Qq r e s p e c t i v e l y .  Then th e re  e x i s t  Tavp in  G q and
homomorphisms 0avp» 0'a and 0'  ^ such th a t  the  fo l lo w in g  diagram  
commutes (Note: a dynam ical system (Xa , ® a *ma f Ta ) w i l 1  be abbrev ia ted
i s  the r e p r e s e n ta t io n  o f  T in  Tav,p in  6 e * The J u s t i f i c a t i o n  
fo r  e x is ta n c e  fo l lo w  from  the c o n s tru c t io n  o f  the  c la s s  if q, i t  i s  
in  one-to-one correspondence with i t s  a s s o c ia te d  o - e lg e b r a s .  Also  
th a t  c o n s t ru c t io n  im p l ie s  th a t  Ta v p i s  unique*
Not we a r e  in  a p o s i t i o n  to g ive  the f o l lo w in g  theorem. 
Theorem 2 .9 .
I f  T i s  ergodic w i t h  s u f f i c i e n t l y  many r e p re s e n ta t io n s  in  t  Q 
then T i s  m e t r i c a l l y  isom orphic to an in v e rs e  l i m i t  o f  a sequence 
o f  t ra n s fo rm a tio n  in  6  q and th a t  T e ^ q’
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Let 7  be the se t  o f  t ra n s fo rm a tio n  re p re s e n t in g  T in  / g. As
Proof.
i t has been mentioned above, i f  T
a , T p e 7 then T „ i s  avp w ell  id e f in e d .
Therefore 7 i s  a d i r e c te d  fa m ily by A lso  ■- = U a )a e l CL
i s a  su b -o -a lg eb ra  generates h> . Since t, i s  sep ara b le , the re i s
a dense sequence ( Bnj in   ^ . We can in d u c t iv e ly  choose
an > an_-i  ^ so th a t  6 n can be approximated to
w ith in  ^  by s e t s  in  ( - ) .  I f  we w r i t e  n in s tea d  of a thenn an an ' n
^ 1 ('>n)  ^ n - l ) and Un ^  ( ' n ) g en era tes  1 . Koreover
TCn
we have the homomorohisras x w ith  T -» T . . The in ve rse  l im i tn n n—i
lim (X ,T ) = (X , T ) i s  de fined
^ --- I l l l  3 0
Xoo = i *x2 * • • • • ) :  ^n (xn ) = 
c  x 1 x Xg x ............
and T3o(x 1 ,x 2 , . . . . )  = (T^x, Tgx ......... ) .  I t  i s  w e l l  kno-vn
th a t  T i s  m e t r i c a l l y  isomorphic to  T^. (The idea o f  dynamical 
r e p r e s e n ta t io n  in  L 0 i s  s u b s t a n t i a l l y  in flu en ced  by the ideas and 
p ro o fs  in  P a r r y 's  work ["19], e n t i t l e d  dynamical r e p re s e n ta t io n  in
n i l -m a n i fo ld s
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Theorem 2.10.
The o -a lg e b ra  fl 0 (T) i s  the sub-O -algebra o f  T i n v a r i a n t  
0
s e t s .
P ro o f .  Let A e  fl (?„(T) then 
0 6
m(TA A A) = m(Tn-ra+1A A Tn-mA)
< m(Tn_m+1A A A) + m(Tn-mA A A)
= m C l ^ A  A T1“) + m (Tn A A TmA)
-* 0 as n . a  ■* » .
T -g rou os.
Let W be the c la s s  o f  i n v e r t i b l e  m easure-p reserv ing  t ra n s fo rm a t io n  
on a Lebesgue space (X, >,m). W i s  a group w ith  composition o f  map as
the group o p e ra t io n .  Let { En ) be a countable  dense set  in  J > ( &  (mod 
s e t s  o f  measure se ro)  a complete sep arab le  m etric  space w ith  m e tr ic  ®  t 
where 3) (A,B) = m (A A B), f o r  a l l  A, B e g ) .  Define the d is ta n c e  
between 4 and T in  V/ as
d (9 ,T )  = 2  ^  (m(SB A TEn ) + m(S_1 En A T"1^ ) ) .
m 2
The m e tr ic  induces the weak topology  descr ib ed  in  the in t ro d u c t io n  
to  the n resen t ch ap te r.  So, (W,d) i s  a complete m etric  group see 
[ 1 0 ]  f o r  d e t a i l s .
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The T -se t  G(T) a s s o c ia te d  w ith  an in v e r t i b l e  measure p r e s e r v in g  
tran sfo rm ation  T e  7/ i s  a subset o f  '.7 d e f in e d  as fo l lo w s
G(T)=■(3 e  7/1T0 1^  ^ 3 f o r  some sequence 0 o f  in te g e r s  } (J {Tn ,n^ z ],
where 7/ means weak convergence and T° i s ,  by d e f i n i t i o n  the i d e n t i t y  
t ran sfo rm ation . I t  should be remarked th a t  according to  theorem ( 1 . 6 )
T0 ( i )  3 i s  e q u iv a le n t  to  ( ¿ q(T) = h .
Theorem 3 .2 .
G(T) i s  a commutative subgroup o f  '7.
P ro o f.
The p ro o fs  w i l l  be d iv id ed  in to  two p a r t s :
A) GCt I Is  n-lORffd nndgr» mnH-.l VMr> q t.1 on and multi nl 1(!° -M on Is  commutative.
I f  3 and 3 ’ a re  powers o f  T then S 3 ’ e  G(T). Let
T0 ( i )  w, 3 i . e .  mCT0 ^1) A A SA) -» 0 f o r  a l l  A e 4 , and 3 = T*
fo r  some in te g e r  k .  I f  0 ’ = ¡ 0 ( i )  + k! , then T® ST since
(.«. g , (t ) = £ . Thus STk 6  G(T). That 3T = ST i s  c l e a r  and hence
STk = T1^ .  Let 3 and T®2 ^  -* 3 g . Then i f  0 ,^ 0 1 ( i ) + 0 2 ( i ) l  ,
we have T9 1^  ^ -* s ince
m(Te1( i )  Te2 ( i )  A A S i $ 2 A)-
< m(T0-* T0 2 ^1  ^ A A T0 1 ^1  ^ 3 gA)
+ m(T®'' i^  ^ fi A A S^Sg A) -» 0 ,  and thus ¿k.g,(T) = & .




B) I f  S s  G(T) th e n  3~1 e  G(T).
Let 3 = T* th en  t - k  e  G(T) by d e f i n i t i o n .  I f  T0 ^  -» 3  then  
T- e U )  s and -+ 3 -1  s ince
m(T- e ( i ) A A g - 1 A) = migT- 0 1^ ^  A A)
= m(SA A T0 1^ ^ )  -» 0 .
Thus 3 i s  p roved .
A) and B) imply t h a t  the theorem 1b t ru e .  i
Lemma 5 .5 .
G(T) = G(T- 1  )
P ro o f.
Obvious.
Theorem 3.U.
G(T) is  a m e tr ic  in v a r ia n t  f o r  T.
P roo f.
I f  T1 i s  con ju gate  to Tg, then th e re  e x i s t  a w e  ’.V such w_1T2’^ 2 = T 1 •
Let .3 e G(T1 ) i . e .  th e re  e x i s t  a sequence 0 o f  in te g e r s  such t h a t  
T^ 0 ( i)  I _  s • Then the e q u a l i t y
m( (V/-1 TgW) 1  ^A A 3A) = m(T2 0^l A^ A (WgW"1 )A) im plies  ths t
T2Q( i ) g» end 3 ‘ i s  con ju gate  to  3 .  The con verse  i s  t ru e  as w e l l  
and th e re fo re  G(T) is a m e tr ic  in v a r ia n t  f o r  T.
G(T) endowed w ith  the induced weak topo logy  from ’.V is  a to p o lo g ic a l  
group. Since G(T) i s  commutative, the m etr ic  d r e s t r i c t e d  to  G(T) 
is  in v a r ia n t .
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5U. Mixing P r o p e r t i e s .
In  t h i s  s e c t i o n ,  the r e l a t i o n  o f  the o -a lg e b ra s  (Qq w i th  mixing  
concepts w i l l  be d isc u s se d .  I t  w i l l  turn  out th a t  the r e l a t i o n  has 
the same f e a t u r e s  as th a t  o f  the o -a lg e b ra s  QJ0 . The most im portant  
r e s u l t s  c f  t h i s  s e c t io n  i s :  i f  ¿j2,q(T) = Q) then T i s  d i s j o i n t  from  
a l l  s t ro n g  mixing t ra n s fo rm a tio n .  (For the d e f in i t io n  o f  d i s jo in tn e s s
see [ 5 ] ) .
Theorem U . l .
There a re  no non-constant mixing fu n c t io n s  in  L (¿5_q(T))  ( i . e .  
(UTn f , f )  -► ( f , l ) ( l , f )  f o r  f  e  L2 (£3Zq(T))  im p lies  f  = con s tan t)
P ro o f
I f  f  e  L2 ( ^ ' g  (T)) f o r  some sequence in te g e rs  0 (0L'|(T) i s
•.Valters' a lg e b ra )  and (UTn f , f )  -♦ ( f , l ) ( l , f )  then f  = constant  
(Theorem/f^B] ) •
Let f  6  L2 ( # 0 (T)) and (UTnf , f )  -» ( f , l ) ( l , f ) .
Given the sequence 0 = { 0 ( i ) ]  one can f in d  a subsequence 5  o f  0 f o r  
which 0 ( i ) - £ ( i - l )  -* so.
f  6  L2 ( # fl(T)) 4  f  €  L2 (<t'rLet 6 ( i )  = e ( i )  -  0 ( 1 - 1 ) .  Now 
Since
(T))
Bu/iOf _ f || = || u/U) " ^ l-1 f^ - f ||
< II u / (i) f - D sf I ♦  I Ugf - uf(1-1 ) f I
0 ( 1 )
-» 0 where S = lim  T .
But f 6 L2 ((£_'0 =(T)) and (u£f,f) (f,l)(l,f) im plies f = constant.




has s in g u la r  spectrum
Proof
Suppose t h a t  t h i s  i s  not t r u e ,  then th e re  e x i s t s  f  e  I<2 ((E-0 <£t ))  
w ith  a b s o lu te ly  continuous s p e c t r a l  measure o^. Then 
( U ^ f , f )  = J Xn dor -* o by Riemann Lebesgue lemma. But f  e  L (<£0 (T))
2 2
im p lies  f  e  L2 ((^| (T)) (see Theorem 1+.1) and f  e  L (L (&!0 (T))
im p lies  ( U ^ ^ f f f )  -► ||f* II2 , t h e r e f o r e  f  = 0 .
C o r o l la r y  U .3 .
I f  T i s  t o t a l l y  ergodic  w i th  quasi d i s c r e t e  spectrum then  
a Q(T) < II (T) f o r  a l l  sequences 6 and th e re  e x i s t  a sequence 0 
w ith  a 0 (T) = n (T). Hence a(T) = H (T).0 oo
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P roof.
Let L2 (e) = L2 ( n . , ( T ) )  © >( r h e r e  0 TI \ = N end UTI has
2
Lebesgue spectrum. Then i f  f  e  L ( a 0(T )) ,  f  cen be w r i t t e n  as
2f  = f 1 + f 2 where e  L ( n .(T ))  and f 2 e  . Thus
im plies  f 1 e L 2 ( a Q(T)) and f g e L 2 ( a 0( T ) ) .  By C o ro l la ry  U .3 . f g = 0
end hence a 0(T) < Hm (T ).  The r e s t  of t h i s  C o r o l la r y  fo l lo w s  from
( 2.1 ).
In the fo l lo w in g ,  we r h a l l  in v e s t ig a t e  the r e l a t i o n  o f  the 
a lg e b ra s  ¿C0(T) w ith  v a r io u s  mixing concepts .  But f i r s t ,  the 
concept o f  in te rm ix ing  w i l l  be r e c a l l e d .
D e f in i t io n  D.U.
T is  in term ix ing  i f  whenever m(A) > 0 and m(B) > 0 and A,B e  -r- ,
then
lim  i n f  m(TnA n B) > 0. 
n-+
Note: Friedmann and O rn ste in  . [i*. ] ,  g ive  examples o f  in term ix ing
tra n s fo rm a tio n  which a re  n o t  s tro n g  mixing.
Theorem U .5 .
T s trong  mixing T in te rm ix in g  => = X  (the  t r i v i a l
o -a lg e b ra )  T weak m ixing.
P r o o f .
That T i s  strong mixing im plies  T i s  in te rm ix ing  i s  c l e a r .
Friedmann and Ornestein [ ] hes shown th a t  the converse i s  f a l s e .
I f  T i s  in term ix ing  end 0 < m(A) < 1 ,  A e  -b , then
lim  in f  m ^ A  n (SA )C) > 0 f o r  any t ra n s fo rm a tio n  S e  W end fo, 
n-> -•>
A /k i«l0(T) f o r  any sequence 0. Thus-^-(0)-= X. I f  T i s  e rgod ic  with
d i s c r e t e  spectrum then th e re  e x i s t  a sequence 0 such th a t  ^© (T) = 
end th e r e f o ie  C l( t ) = X im plies  T is  week mixing and the converse is  
f e l s e  by examples o f  § fo .
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P ro o f .
Let L2 (e )  = L2 (n ^ (T ))  © r (  ’"here UTI 1- = end U,p| has
2
Lebesgue Epectrum. Then i f  f  6  L ( a Q( T ) ) f f  cen be w r i t t e n  as 
f  = f 1 + f 2 where f  1 e  L ( n .(T ))  end f 2 © > .  Thus
im p lies  f 1 e  L2 ( a Q(T )) and f ? e  L2( a 0 ( T ) ) .  By C o ro l la ry  U .3. f g = 0  
end hence a.Q(T) < n M (T). The r e s t  o f  t h i s  C o ro l la ry  fo l lo w s  from 
( 2.1 ).
In the fo l lo w in g ,  r e  r h a l l  in v e s t ig a t e  the r e l a t i o n  o f  the 
a lg e b ra s  ¿Cg(T) w i th  v a r io u s  mixing concepts .  But f i r s t ,  the 
concept o f  in te rm ix in g  w i l l  be r e c a l l e d .
D e f in i t io n  U.U.
T is  in te rm ix in g  i f  whenever m(A) > 0 and m(B) > 0 and A,B 6  ,
then
lim  i n f  m(TnA n B) > 0. 
n-+
N ote: Friedmann and O rn ste in  . [ U ] ,  g ive  examples o f  in term ixing
tra n s fo rm a t io n  which a re  no t s trong  m ixing.
Theorem U .5 .
T s tro n g  mixing T in te rm ix in g  u.(T) = X£ (the t r i v i a l
o -a lg e b ra )  T weak m ixing.
cw---
P r o o f .
That T i s  s trong  mixing im plies  T i s  in term ix ing  is  c l e a r .
Friedmann and O rnestein  [ ] has shown th a t  the converse i s  f a l s e .
I f  T i s  in te rm ix in g  ana 0 < m(A) < 1 ,  A 6  , then
lim  i n f  n^T^A n (SA )C) > 0 f o r  any tran s fo rm a tio n  S e VV end so, 
n-+ -i
A /k (¿q( T) f o r  any sequence 0. Thus<x-(0) = I f  T i s  ergodic w ith
d i s c r e t e  spectrum then th e re  e x i s t  a sequence 0 such that  ^q( t ) = 
and t h e r e f o ie  v-i. (T) = X( im plies  T i s  weak mixing and the converse is  
f a l s e  by examples o f  § 6> .
Ik
P in sk e r  [21 ] has shown th a t  i f  T £ = £ and n(T^) = v then  
n(T) and £ a re  independent p a r t i t i o n s  (two p a r t i t i o n s  £ and 2 
are independent i f  m(A n B) = m(A) m(B) f o r  any measurable g -se t  A
end any measure ; - s e t  B see [ 2 5 ] ) .  The corresponding r e s u l t s  f o r  
the p a r t i t i o n s  a 'g (T )  a re  shown in  T28 ]. We s h a l l  show the corresponding
resu lt ,  f o r  the p a r t i t i o n s  o,q(T).
D e f in i t io n  U .6.
Two B o re l  measures ( o r  types o f  measures) on the u n i t  c i r c l e  K 
w i l l  be c a l l e d  s in g u la r  modulo [1 ] i f  t h e i r  r e s t r i c t i o n s  to  K-[1 ] 
are s in g u la r .
Theorem U .7 .
p  2
I f  'ik- i s  a 0 T- i n v a r i a n t  subspace o f  l/ (  *>) w ith  L ( ‘¿ e(T ))n ;^" [o} 
or the c o n s ta n ts ,  then  the maximal s p e c t r a l  types o f  U,p|L ( ^ q(T))  
and UTI \ a re  s in g u la r  modulo [ 1 } .
P ro o f .
L et o be a maximal s p e c t r a l  type o f  T (T) and |i be a maximal
a 6
s p e c t r a l  type UTI .h- . I f  o end p, a re  n o t  s in g u la r  modulo [1 }, then  
there  e x i s t s  a measure t not con cen tra ted  on [1 j w ith  -c < p . By 
theorem ( 1 . 7 )  we have
Suppose g 6  "M has t as a s p e c t ra l  type then g i s  not constant end
The nex t  C o r o l la r y  i s  the analogue o f  the r e s u l t  o f  P insker  
mentioned above:
So, g e  L2 ( u q(T ) ) ,  a c o n t r a d ic t io n .
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C o ro lla ry  U .8.
Suppose T £ = £ end a 0 (Tg) = v. Then £ and a 0 (T) a re  Independent 
p a r t i t i o n s .
Proof.
The proof goes word f o r  word as in  [28]  w ith  a 0 (T) in s te a d  o f  
Ojj(T), however, i t  w i l l  "be g ive n  here f o r  completness sake.
By Theorem (U .9)»  T_ end T (T) have s in g u la r  typ es  mod [ l j .
p p D
Let f  e  L ( a 0(T)) and g e  L (g) bo th  have in te g r a l  z e ro .  Then f  and 
g have s in g u la r  s p e c t r a l  typ es  and hence a re  orthogonal [2 2 ] ,
C o ro l la ry  U .9 .
I f  oQ(T) = e then  T is  d i s j o i n t  from a l l  s trong  mixing 
transfo rm ation .
P ro o f.
The r e s u l t  fo l lo w s  from Theorem U .8 .  and C o r o l la r y  U.8.
$5. Group Extensions
Theorem (10 )  o f [2 8 ]  and i t s  C o r o l l a r i e s  are  v a l i d  f o r  the 
p a r t i t i o n s  ( 1 q ( T )  as w e l l .  Moreover, the proo fs  o f the e q u iv a le n t  
r e s u l t s  f o r  a-»(T) a re  almost s im i le r .  In f a c t ,  the o n ly  change 
w i l l  be a 0(T) in s te a d  o f  a ^ T ) .  So, o n ly  the sta tem en ts  of the 
e c u iv a le n t  r e s u l t s  w i l l  be given h e re .
Theorem 6 .1  .
Let G be a compact a b e l ia n  group a c t in g  as a group o f  measure
p re se rv in g  tra n s fo rm a tio n s  o f  (X,^>,m) such that  gT = Tg. Let
£(G) denote the p a r t i t i o n s  of X in to  o r b i t s  o f  G. I f  a.0(Tg£0 j) = v
then T (T) is  con jugate  to a r o t a t i o n  on a f a c t o r  group of G. 
a 6
(The t r i v i a l i t y  o f t h i s  f a c t o r  group means a.0(T) = v and t h i s  w i l l  
occur i f  T is  T / e a k - m i x i n g ) .
76
I t  should he s t a te d  here  t h a t  P arry  [18 ] end Thomas [ 27] have 
proved r e s u l t s  o f  t h i s  na tu re  f o r  n(T).
Cor o i ls  iy  5 . 2 .
Sup-nee T Is t o t a l l y  e rg o d ic  end G i s  a f i n i t e  group a c t in g  as  
meesur* p re s e rv in g  t ra n s fo rm a t io n  o f  (Xf ; f m) so t h a t  gT = Tg f o r  
each g e  G. I f  a 0 ( T ^ Q))= v, then a 0 (T) = v.
C o ro l la ry  5 . 3 .
i )  I f  a 0 (T0)4 = v and T0 i s  re e k  mixing the se t  o f  <p e  C0 (X,G)
( here 0 o(X,G) = {jzi: x -» G| ¡6 i s  continuous anc <p(gx) = <p(x) f o r  a l l  
g e  G, x e  Xj having the p ro p e r ty  x -► <p(- ) Tx has a 0 = v con ta in s  
a dense Gg in  Cq(X ,G ).
i i )  I f  a(T0 ) = v the s e t  o f  p e  Cq(X ,g ) having the p ro p e r ty  
tha t  x -♦ <p(x)T(x) has a = v c o n ta in s  a dense Gg in  Cq(X,G).
Consider Z2 = {1 ,-1} w i th  the measure which g iv e s  a weight ? to 
each p o in t .  In the fo l lo w in g ,  we w i l l  c o n s id e r  the problem of 
extending a t ra n s fo rm a t io n  w ith  a 0 = e to  ob ta in  one " i th  the same 
p ro p e rty .  E xtensions by Z are  the on ly  ones t h a t  w i l l  be t r e a te d  
h e re :
Theorem 5 .h .
2
Let (Y, be a Lebesgue space end l e t  X = Y x Z . Define
T: X -♦ X by T (y ,s )  = (Jly,^5(y)z) where S :  Y -» Y i s  measure p re se rv in g  
and )6: Y -♦ Z2 i s  m easurable. I f  C. 0(3 ) = t  then
6Le(T) = fix--* il«p2 (y )  -  <Pj(y)l2 ^ ( y )  -  0 »
where <p (^y) = q>(S®^^y^) . . . . . .  <p(y)i 1 - ' ' » 2 , ................
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P roof.
Suppose C 0 (T) = end l e t  f (y » 7 ’) =
Then
j U 1 ( y )  - <Pj12 <J|i(y) = II UT0 ( i ) f  -  UTe (d ) f*U 2 -  0 as i , j
Jl<P±(
C onverse ly  I f
y )  -  <Pj(y)|2 dp.(y) ■* o as i , j  *♦ -■■, then
|| UT0^ f  -  UT0 ^)f||2 -» 0 end f  e  L2 ( 0Lq(T )) .  Hence G 0(T) = i. .
f o 2
I f  J l<p^ (y ) -  <Pj(y)l d|i(y) -* 0 ,  then «[^(y) -* ♦(y) in  L (Y,p.),
where Y -» Z2 . A ls o ,  fo l lo w in g  theorem ( 1 . 6 ) ,  -  q(3) = 6 imply
s 0 ( i )  -+ 6' v  e k ly  - h e r e  i s  an I n v e r t ib le  measure p re se rv in g
t ra n s fo rm a t io n  o f  (Y, t  ,p.) end 0 (T) = <•> Imply T  ^  ^ -♦ T' weekly
-h e re  T' i s  an I n v e r t i b le  measure p re se rv in g  transform ati.in  o f  
(X, ,m ). The fo l lo w in g  theorem w i l l  r e l a t e  T' w ith  S' and \|r.
Theorem 5 -S
2
L e t  (Y, t , H ) "be a Lebesgue space end l e t  X = Y x Z . Define 
T: X -* X by T(y,Z) = (Sy,<p(y)z) where S : Y -+Y i s  measure p re se rv in g  
and <p: Y -+ Z2 i s  m easurable. I f  ‘-G 0(T) = G then S "* 3
v/eakly where S e  W(y) and Gc.0 (T) •= im plies T -+ T ,T & (*)•
Then T* i s  g iven  by T’ ( y , z )  = ( S 'y ,+ ( y ) z )  where *(y)  is  the L - l i m i t
o f ( ¡p ^ ,  <fi  = ? ( S 0 ( i ) - 1 y ) ------ <p(y).
P r o o f .
I f  CCe (s )  = C then S 0^ )  -  S ’ , where S ’ e  ’.V(Y), according to  
Theorem ( 1 . 6 ) .  A lso  GGq( t ) = ?■> im plies T0^  *♦ T*, where T’ e  V/(X), 
accord ing to  the same theorem. But, l-‘- a^ ^  = implies
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f 2j |<p. (y )  -  <p,l du.(y) *♦ 0 by Theorem ( 6 . h ) ,  then end t h is  r e a d i lyJ  1 3
2 2 2 im plies t h a t  <p^  -* \|r in  L (Y,n) since  L (Y,p.) i s  complete; +:Y -» Z
i s  m easurable. I t  remains to  p rove  th a t  T' i s  g iven  b^
T '(y ,Z )  = ( S 'y ,  * (y )Z ).  This w i l l  f o l lo w  i f  | U ^ ^ f  -  UT,f|l2 -*• 0  
f o r  a l l  f  e  L2 ( ) .  And t h i s  w i l l  f o l lo w  i f  the fu n c t io n  g ( y ,z )  = Z 
s a t i s f y  th a t  c o n d it io n .  But
II UTe ( l ) g -5'UT,g||2 = jl<pt (y )  -  i f ( y ) l 2dM.(y) -* o.
T herefo re
|| UT0 ( l ) f  -  UT, f  || -  0 f o r  a l l  f  e  L2(X, o ).
§ ^ .  G aussian processes  end the o -a lg a b re s  U q.
The l a s t  chapter has been devoted f o r  the development of the
th e o ry  o f  Gaus-ian p ro c e sses .  However, t h i s  s e c t io n  w i l l  be s t a r t e d
by a b r i e f  account; a t  l e a s t ,  to r e t a i n  the n o ta t io n s  o f  [2 8 ] ,
Let X = n R be the c a r t l s i e n  uroduct o f  X copies  o f 'he r e a l s  -  n
i . e .  R = R, n e X .  Let t , be the n roduct o -a lgebra  genera ted  by  n
the B ore l s e ts  o f  R. Then an element o f  X i s  a double i n f i n i t e  
sequence x = ( xn )nez* Let the c o -o rd in a te  fu n c t io n  "here
P (x) -  x . P i s  a r e a l  va lued fu n c t io n  on X. As i t  has been  n n n
sh:wn ( c f  Ch.3)» a Gauss measure m can be assigned to ( X , ^ )  by
re o u ir in g  th a t  (P_) _ be a s t a t io n a r y  Geussian process w ithn Q€&
co var ia n ce  k ^ .ne l R(n) where
R(n) = Xndp.(X) , n i s  a f i n i t e  measure on the u n i t  
c i r c l e  K = I r\ = 1 } symmetric ~ i th  re sp e c t  to  the  r e a l  a x i s .
;xis c a l l e d  the c o v -r ie n ce  measure of the p rocess .  Let "> denote the 
com oleti m o f w ith  re s p e c t  to m: I t  has been shown a ls o  ( c f  C h .?)  
th a t  ( pn )n^  gen era tes  en I n v e r t ib le  measure p re se rv in g  t ra n s fo rm a tio n  
T o f  (X, ,m) and i s  defined by
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Pn (T x )  = Pn-1 
Gaussian process.
( x ) ,  and t h a t  e v e ry  symmetric f i n i t e  s t a t io n a r y  
The t ra n s fo rm a t io n  T w i l l  be denoted T  ^ and i s
c a l l e d  the Gaussian s h i f t  based on p..
To r e l a t e  Gaussian p ro c e ss e s  t o  the o _ a lg e b ra s  (32- q, here  i s  
the fo l lo w in g  theorem  
Theorem 6 . 1 .
I f  Tjj. i s  the Gaussian s h i f t  based on th e  covarian ce  measure V-
then
<2.Q(T^ ) = , X ^ > _ X * U > , ^ 0  *
K
P ro o f
Let &*(T ) = ® . Then by theorem ( 1 . 6 )  i t  follcm-s th a tD
| uT e ( i )  f  -  UT -  0 ,  f  6  L2 (m). I f  f  = PV  then
Tp.
1 ot 9“ > p, -  UTe (J,P, I2 .  I I *9(1) -  *9(3>l2** -  0.
C o n v e rse ly ,  l e t
j\ x®(i  ^ _ X6 ( ^  |2dp. -* 0 ,  then
| U-, 0 ( i ) P1 -  u e ( 3 V ,  H -  0 pi 6  l 2 (  ^ e (V
p. p>
by theorem ( 1 . 5 )  and hence Pn e  L2 (<20 (T^) f o r  each n and t h i s  
d i r e c t l y  im plies  t h a t  L2 (£Z0 (T^)) = L (®).
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Consider "he space L2 (K, ,\i ) ’"here K = [z €  (t| | z 1 = 1 ]
i 6 the B o re l o -e lg e b ra  o f  K and p, i s  a covarian ce  measure 
f o r  a Gaussian s h i f t  ( i . e .  |x i s  a p o r/ t iv e  f i n i t e  B o re l  measure 
on K ) .  The r ig h t  hand s id e  o f  (* )  above i s  e q u iv a le n t  to
J |x 0 ( i* -  g(X)| 2 dp. -» 0 , where g i s  a l i m i t  p o in t  of the s e t  
(Xn ) in  L2 (K,tx) I t  w i l l  tu rn  o u t ,  a f t e r  the  fo l lo w in g
lemma, th a t  a l l  such g ' s  have modulus 1 .
Lemma 6 . 2 .
I f  X9^1  ^ -* g in  L2 (K ,# ,h) ^here |x| = 1  and 6 i s  a sequence 
o f  in te g e r s  then |g| = 1 a . e .  .
P r o o f .
I f  X0^  -♦ g in  L2 ( K ,&,\l) then H X6^  -  gU 2-+ 0
o r
J |x0 ( i )  -  g(X)|2 dp(X) -  0 .  But 
K
J||X0 ( i ) | -  Ig(X)| 12  dp < J|X0 ( i )  -  g (X)|djx -  0
K K
2 , , 
i . e .  | 1 _ |g| | -*• 0 which im p lies  th a t  |g| = 1 e . e .
R e c a l l  ( c f .C h .3 ,§ 3 ,§ U ) ,  th a t  i f  i s  a Gauss s h i f t  then the
induced u n i t a r y  o p e ra to r  U™ in  I^iX» ®>m) fo l lo w in g
Ji -o n ©
r e p r e s e n t a t io n  UT » exp. 0 U = S \J in
p n=0
L2 (X, ¿8 ,m) « exp 0 H = Z Hn® = ® © H © H ©................
n= 0
v/here H i s  a Gauss subspace and U = Ut |H i s  c y c l i c  in  H. I f  
¿2. q(T ) = 8  then T^0^ ^  -* fi weakly (c f . th e o re m  1 . 6 ).
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The fo l lo w in g  theorem w i l l  e s t a b l i s h  th a t  S i s  a g en era lized  
Gaussian s h i f t  i n  the sense o f  Kakutani [22  Theorem 2 ] .  The theorem 
says th a t  i f  V i s  a u n i t a r y  o p e ra to r  o f  a fundamental Gauss subspace, 
o f  L2 (X,Q>,m) onto i t s e l f ,  (X,(g,m) i s  a Eebsgue sp a ce ,  then i t s  
m u l t i p l i c a t i v e  e x te n s io n  to  L2 (X ,(3 ,m ) i s  induced by  a measure 
p re s e rv in g  t ra n s fo rm a t io n  which we c a l l  g e n e ra l iz e d  Gaussian s h i f t .  
C e r ta in ly  i f  V i s  c y c l i c  then the  t ra n s fo rm a t io n  i s  a Gaussian s h i f t .  
Theorem 6 . 3 .
Let T be a G aussian s h i f t  based on a c o v ar ia n ce  measure p. I f
Q /j \
££q(T ) = f o r  some sequence 0 o f  in te g e r s  then T  ^
and S i s  a g e n e r a l iz e d  Gaussian s h i f t .
S weakly
P r o o f .
Since U -♦ Us , where S i s  an i n v e r t i b l e  measure p re se rv in g
2
t ra n s fo rm a tio n  in  L (X, ,m) and
U„ -  2 U11 we have
n>0
OL. ) 6 ( i )  -  X (D*0 )
e ( i )
But
e ( i )
n>0
(un ° ) = (u6 ( i ) ) n • T herefore
^ 9 ( i )  a j  • By tak ing  the l i m i t s  as i  -* » .(u.
"p n>0
U » 2 V™ where V i s  a u n i ta r y  op era to r  i n  H. Hence S i s
S n>0
a g e n e ra l iz e d  Gaussian s h i f t .
8 1 a .
Let be the s e t  o f  l i m i t  p o in ts  o f  (*n )neZ in  L2 (K,n) where
^  2
p. i s  a covariance measure f o r  a Gaussian s h i f t  T  ^ in  L (X,(^>,m).
Theorem 6 .3  e s ta b l is h e d  a r e l a t i o n  between S the weak l i m i t  o f
©/ j \
T^0 ( i ) f f o r  some sequence 0 ,  in  ’■? and g the  l i m i t  o f  X in
L2 (K,H). I t  w i l l  be proved th a t  -£J i s  a group under po in tw ise
r-
m u lt ip l i c a t io n  and t h i s  r e l a t i o n  i s  in  f a c t  a homomorphism between 
and G(T^) the T-group o f  T^.
Lemma 6.U .
£  i s  sn a 'b e lian  group under po in tw ise  m u l t ip l i c a t io n .
P roo f.
(j i s  c lo se d  under p o in tw ise  m u l t ip l i c a t io n  i . e .  , g2 e  
im plies g.,g2 €  £  . For, l e t  X6 ^  -♦ g1 , X6 ^  •* gg in  L2 (K,ji)  
f o r  some sequence 6 ,  0 ’ o f  in t e g e r s ,  then
Theorem (1U) o f  [2 8 ]  g iv e s  an example o f  a weak mixing  
trans-formation, which i s  not strong mixing o r in te rm ix in g ,  w ith  
Q -'q(T) = ffi . This example i s  a Gaussian s h i f t  "based on a
subset o f  K ( i . e .  a s e t  D on which eve ry  continuous fu n c t io n  supported  
on D and have a b so lu te  va lu e  one, can be u n ifo rm ly  approximeted by
< II xe ( i )  - 81II + 0 II g j l  U x6’ *1)-  g2l -  0.
Also g e  ^  im p lie s  t h a t  g i s  in v e r t i b l e
i f  X®^ 1"^  -+ g then X“ ®^1  ^ -* f  end fg  = 1 which fo l lo w s  from the  
fo l lo w in g
Since
I fg  -  1 I =1 fg  - X6 ( i ) f  + X6 ( i ) f  -  1 || 
4 1| f|  || g -  X6 ( i ) | + I f  -  x - 0 ( i ) | -  0
Therefore
I t  i s  obvious now the G(T^) i s  homomorphic to
covarie  ce measure con cen tra ted  on D u D ^, where D i s  a Kronecker
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powers o f  X, X 6  K = [ 7  e  ®| |?| = i j ) .  L et C(D,K) be the se t  o f 
a l l  con tin u ou s fu n c t io n  w ith  support on D and have ab so lu te  value  
one. The fo llo w in g  theorem w i l l  r e la t e  fu n c tio n  in  C(D,K) w ith  the 
a lg e b ra s  # 0(T ).
Theorem 6 . 5 »
L e t p, be a continuous symmetric f i n i t e  measure concentrated  on 
D u D-  ^ where D i s  a K ronecker fu b se t o f  K. L e t T be ■‘he s h i f t  
on the G aussian  p ro c e ss  determ ined by n . Then T is  weak mixing end
a  e ( T> = (g f o r  some sequence 0 (and hence i s  not strong mixing or 
in te rm ix in g )
P ro o f.
L e t g e  C(D ,K), then
r
by th e  or.m  ( 6 . 1 )  w ith  0 = ( 0 ( i ) } .  F in a l ly ,  i t  has been proved in  
[ 17 ] th a t  such a tra n s fo rm a tio n  i s  weak m ixing. ,'The f a c t  th a t  i t  
i s  n o t s tron g  m ixing or in te rm ix in g  fo llo w s  from  the p ro p erty
homomorphic to  ^ • But ^  ^ i® th is  c a 'e  C(D,K). M oreover, 
the power' o f X, i . e .  the  s e t  {Xn , n e  Z j, i s  u n ifo rm ly  dense in  
C(D ,K). Hence the powers o f  a re  dense in  G(T^). In o th er words
I U n -  g (x ) |2d|x (X) < 2
DuD 1
L et -+ 0  anr f o r  each i  choose
  J  |Xn -  g(X)|2 c4i(X)
l  0 ( i )  e  Z w ith  sup |g(X) -  < e
XeD i*
This can be done s in ce  D i s  a Kronecker s e t  and g e  C(D,K)
Thus T herefore Q. q(T) = 8
G L q ( t )  =  < 8  .
Remark.
T ^0(i) -» S w eek ly.
The f i n a l  p a r t  of t h is  s e c t io n  w i l l  be about the e q u iv a le n t of
This theorem  g ive s  a l in k  between a tra n sfo rm a tio n  3 , w ith  n o n -d is c re te  
spectrum  and a,g(S) = S jsn d  e Gaue^ien s h i f t  T w ith  a 'g iT ) = e . The 
fo llo w in g  theorem w i l l  c o n s tru c t  a homomorphism between the group 
G(0) and the group G(T).
Theorem 6 . 6 .
I f  S i s  an in v e r t i b le  measure p re se rv in g  tra n s fo rm a tio n  which 
i s  weak m ixing, then th e re  e x i s t s  a weak mixing Gaussian s h i f t  T 
such th a t  G(S) i s  epim orphic to  G(T)
P ro o f.
Let |ig denote a maximal s p e c tra l type o f  S . Hg can be chosen  
sym m etric w ith  re s p e c t  t o  th e  r e a l  a x is .  I f  11 i s  i t s  continuous  
p a r t ,  then jx i s  not t r i v i a l  and symmetric by assum ption. Since  
p, << p.g, then
theorem (1 5 )  in  [ 2 8 ] ,  f o r  the tra n s fo rm a tio n s  w ith  Q 0( T) = ®
Let S€rG(S) w ith  S6 ^  -+ s ' = 8 ’ 0 w eakly then ¿ £ e (S ) -<&
p roo f o f  theorem ( i f ) )
8 5 .
L et T = T  ^ be th e  G aussian s h i f t  based  on the c o varia n ce  measure 
then ¿# 0 (T) = £& by theorem ( 6 . 1 ) ,  and T i s  weak m ixing since H i s
a continuous measure [15  ] • ^  i u ** T = ^ 0
w eakly and T* 6  G(T^) by d e f in i t io n  o f G ^ ) .  Thus T = is  th e
re q u ire d  G aussian s h i f t  and the map h which take powers o f S to
p a ve rs  o f  T and S ' to  T' i s  a homomorphism. T h a t j i  i s  a 
u 9oe$u>T
homomorphism fo llo w s  from the f a c t  t h a t  ^~m/t n,m g Z and S 'e_0 , 
goes t o  T' 0 _9 i . I t  i s  c le a r  t h a t  h i s  s u r je c t i v e .
88.
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